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A B S T R A C T   

The strengthening with Fiber Reinforced Polymer (FRP) offers one of effective solution to increase 
strength, axial load and deformation capacity of reinforced concrete (RC) members. However, the 
use of FRP-confined models can diverge in reflecting FRP confinement behavior, and they require 
significant computational effort and time. Moreover, the use of these models and their impact on 
member responses is not studied. To address this, several design-oriented FRP-confined concrete 
models were utilized and compared by using axial load-moment interaction diagrams and the 
moment-curvature relationship. Comparisons revealed that compressive strength of FRP-confined 
members could increase to 2.5 times while axial strain capacity could increase 4.0 times 
compared to unconfined ones depending on FRP-confined model. Based on the statistical analysis 
of numerous analytical sections covering broad-range properties of FRP material, practical 
equations were developed for predicting compressive strength and strain at ultimate for the 
design and analysis of FRP-confined RC sections. The proposed equations were then subjected to a 
comparison with analytical and various experimental studies, and their impact on the moment- 
curvature responses was investigated. Results indicated that proposed equations were in a good 
agreement with analytical models by the correlation coefficient higher than 0.97. The mean re-
siduals between proposed equations and experimental results were also found around the 10 %, 
showed that proposed model could capture the stress-strain behavior of FRP-confined concrete. 
Moment-curvature response produced by proposed model and existing FRP-confined models were 
also found comparable with experimental results.   

1. Introduction 

Seismic performance of reinforced concrete (RC) structures after major earthquakes was found insufficient by site investigations 
owing to inadequate strength, reinforcement detailing and poor quality of workmanship [1–5]. These inadequacies caused weaknesses 
and reduced strength and deformation capacity of building elements and hence lateral load resistance of structure, resulted in damage 
and collapse of structures. Analytical studies have also shown the increasing probability of collapse and damage mechanism for these 
type of structures [6–8]. To increase seismic capacity of these structures, strengthening is needed and both strength and deformation 
capacity of structural elements can be enhanced by lateral confinement [9]. 

Many alternatives are available for strengthening in both structural and member level. Jacketing technique is widely used, and it 
may be the less destructive and environmental among the others if member capacity needs to be improved. Jacketing can be made with 
reinforced concrete, steel plates or with Fiber Reinforced Polymer (FRP) materials [10]. FRP materials is mostly preferred because it is 
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light, simple to apply, it does not need special equipment, it can protect the members from chemical effects and corrosion, provides 
high strength for material, increases the axial load carrying capacity and lateral deformation capacity of the columns [11]. Because of 
many advantages given above, FRP-confinement is studied in this study. Mechanical characteristics of FRP-confined concrete under 
compression was investigated in-depth, and various models were developed to predict the characteristics of concrete members 
especially for columns confined with FRP. In the literature, both design- and analysis-oriented models haven been developed for the 
approximation of FRP-confined concrete behavior [11–22]. 

Analysis-oriented models widely recognized for their versatility in predicting the complete stress-strain curve. These models are 
crucial in studying the behavior of materials under various loading conditions, particularly in analyzing the deformation and failure 
mechanisms. Analysis-oriented models have become an essential tool in engineering and materials science research since these models 
approximate the complete FRP-confined concrete behavior. However, utilization of such models is often associated with a considerable 
investment of time due to the substantial computational efforts required. On the other hand, design-oriented models typically 
developed by analyzing experimental results and utilizing regression analyses. Ozbakkaloglu et al. [9] evaluated the existing pre-
dictive models and they stated that Lam and Teng [20] model effectively predicted the ultimate strength and strain out of the 68 
FRP-confined models assessed. These models are considered to be design-oriented concrete models, but the limited experimental 
database presents a significant challenge for FRP-confined models. Studies that utilize hoop strain at FRP rupture (εh,rup) instead of the 
ultimate rupture strain of the FRP material (εfu) have yielded more promising results and the efficiency factor (kε) was used to bridge 
the gap between the ultimate (εfu) and (εh,rup). However, the predictions of the ultimate compressive strain of FRP-confined concrete 
(εcu) in the examined models have shown a larger error than the predictions of the ultimate strength of FRP-confined concrete (fću). 
This error can be attributed to the varying ultimate breaking strength (εfu) of the FRP material based on its composition [9]. According 
to study of Lin [23], design-oriented models are more accurate in predicting results than analysis-oriented ones among the existing 
FRP-confined models. It was found that these models are less successful in predicting the response of FRP-confined concrete in 
rectangular cross-section columns compared to square columns. Moreover, Lin observed that these models are more successful in 
predicting the maximum axial strength of FRP-confined concrete samples that exhibit a hardening stress-strain relationship than those 
that display softening behavior. 

Efforts have been made to develop data-driven models to determine the complete stress-strain behavior of FRP-confined models 
and to characterize both yield and ultimate strength and strain [24–30]. The proposed models mostly utilized the artificial neural 
networks (ANNs), which heavily influenced by the quality of the database and the complex and unknown parameters of the method. In 
addition, these models may neglect the essential input parameters that significantly influence the behavior of FRP-confined concrete 
[30]. 

The existing literature is lacking in-depth discussion about the impact of various models on the moment-curvature relationship and 
interaction diagram of sections when the section properties and concrete compressive strength change. To address this gap, this study 
utilized several well-known design-oriented concrete models to explore the moment-curvature relationship and its influence on the 
interaction diagram. Based on the literature studies mentioned above and the recent ACI-440 code [31], wide range FRP materials was 
investigated and ultimate tensile strength of FRP material was found mainly ranged between 700 and 3600 MPa. Considering the 
dispearancy of this parameter, wide range FRP materials was utilized, and numerous analytical FRP-confined RC sections generated 
using broad range of these values in this study. Accordingly, the one of the innovations of this study can be considered as the proposed 
model was designated to cover different type of FRP materials. Through statistical analysis, the FRP-confined strength, strain, and 
curvature capacities at ultimate were evaluated and practical equations to predict compressive strength and strain at ultimate for the 
design and analysis of FRP-confined model was developed. It should be noted that no study was found which explicitly presents the 
relationship between input parameters and both stress and strain capacity of FRP-confined concrete with practical mathematical 
expressions providing a more efficient and time-effective alternative to the traditionally complex and computationally intensive 
models. The other utmost advantage of the developed explicit mathematical model can be considered as a reference for new generation 
data-driven methods which will help to reduce the dependency of results to the input data. Finally, innovative approach was followed 
to evaluate the efficiency of the proposed model and the comparisons were extended for existing and proposed model in terms of 
moment-curvature response and moment-axial load interaction of FRP-confined models in addition to comparison of stress-strain 
relation. 

2. Description of FRP models and method of analysis 

The common FRP material types are carbon, glass, aramid and basalt. Due its high tensile strength, carbon FRP (CFRP) material is 
widely applied in construction applications [32]. Accordingly, moment-curvature and axial load-moment relationship of RC rectan-
gular members were first determined using CFRP material. To represent stress-strain relationship of CFRP material, some well-known 
design-oriented models are used [15,17,19,22]. In addition to FRP models, RC members were modeled with Mander concrete model 
[33]. By this way, effect of FRP models is compared developed CFRP models and efficiency of models were introduced. For this 
purpose, numerous RC members were produced [34] and moment-curvature and axial load-moment (N-M) relationships were ob-
tained. In further sub-sections, brief information about the adopted FRP models and behavior of concrete and reinforcement are 
provided. 

2.1. Youssef model 

In experimental studies of this model (referred as Youssef), total of 87 experiments including circular, square and rectangular short 
columns were used and confined by carbon/epoxy and E-glass/epoxy materials. In the study, parameters such as section geometry, FRP 
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properties, ultimate strength of materials affecting the stress-strain relationship were statistically analyzed and equations for FRP 
model were developed as seen in Fig. 1 [15]. It can be seen from the figure that FRP jacketing becomes active beyond the point B 

(
ft , εt

)
. 

Initial increments of the stress-strain curve of FRP concrete between points A and B was modeled Hognestad parabola [35]. Later, 
points B and C is linearly connected by using the ultimate stress and strain values 

(
εcu, fću

)
. 

In the figure, ft and εt is calculated by Eqs. (1) and (2). In these equations, notations of ρj,Ej, fju and fć are volumetric ratio, tensile 
modulus and strength of FRP jacket, and compressive strength of unconfined concrete, respectively. εjt can be taken equal to peak 
strain value of unconfined concrete which is 0.002. 

ft =

(

1.0+ 1.1350
(ρjEjεjt

fć

)5 /4)

fʹc (1)  

εt =0.002 + 0.0775
(ρjEjεjt

fć

)6 /7(fju

fć

)1 /2
(2) 

Ultimate strength (fʹcu
)

and strain (εcu) of FRP is calculated by Eqs. (3) and (4). In the equation, fʹlu is the effective lateral confining 
pressure at the rupture. 

fʹcu =
(

0.5+1.225
(

fʹlu
fć

)3 /5)

fʹc (3)  

εcu =0.004325 + 0.2625
(

fʹlu
fć

)(
fju

fć

)1 /2
(4)  

2.2. Pantelides model 

This numerical model (referred as Pantelides) was proposed using different cross-section geometries to determine stress-strain 
relationship of FRP-confined concrete columns [17]. Formulation of numerical model is based on the four-parameter equation pro-
posed by Richard and Abbot [36]. Proposed stress-strain relation model could be used for hardening or softening behavior as depicted 
in Fig. 2 depending on the column section property and effective confining ratio fʹlu/fć. If fʹlu/fć is higher than 0.2 then hardening 
behavior is preceded and vice versa. A polynomial constant (n) was used for the smooth transition between the two branches of 
stress-strain relationship. 

fo is calculated by using Eq. (5) for the first branch of hardening behavior. In the equation, Eo is modulus elasticity of FRP-confined 
concrete, β represents the rigidity constraint for FRP jacketing and εo is equal to 0.004. Ultimate compressive strength fćc and strain έcc 
for hardening behavior is also calculated by Eqs. (6) and (7). In Eq. (7), kε is efficiency factor and εfu is ultimate tensile strain of FRP 
material. 

fo =
Eoεo

1 + βεo
(5)  

Fig. 1. Stress-strain relationship developed by Youssef et al. (2007).  
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fʹcc =

(

− 4.332+4.721

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 4.193
fʹlu
fʹc

√

− 2
fʹlu
fć

)

fʹc (6)  

έcc =
fʹcc
(
1 + 2 βkεεfu

)

Eo
(7) 

For softening behavior, έcc is assumed 0.004 as given in hardening behavior. Maximum stress (fʹcc) at this level should be always 
higher than unconfined concrete strength and calculated by Eq. (6). Ultimate stress of FRP-confined section at the ultimate strain level 
is calculated via Eq. (8) and ultimate strain is determined by Eq. (9). 

fʹcu =
(

0.0768 ln
fʹlu
fć
+1.122

)

fʹcc (8)  

εcu =
fʹcu
(
1 + 2 βkεεfu

)

Eo
(9)  

2.3. Lam and Teng model 

Stress-strain relation equation of Lam and Teng [19,20] also adopted modified version of Richard and Abbott [36] equation and 
comparisons of analytical model with numerous experimental results in the literature [19,20] showed good agreement. Stress-strain 
relationship of Lam and Teng model is drawn with unconfined concrete model in Fig. 3. Polynomial constant (n) was used for transition 
of two branches for this model too. Strain reduction factor (kε) was considered and suggested as 0.586 for carbon FRP material in this 
model. 

Intersection point between the two branches (εt) is calculated by Eq. (10). In the equation, fo is accepted as unconfined concrete 
stress (fć

)
and it is the determined by the extension of second branch (linear line) slope (E2). Ec is the elastic modulus of the unconfined 

concrete. 

Fig. 2. Stress-strain relations a) Hardening b) softening behavior for Pantelides et al. (2004).  

Fig. 3. Stress-strain relationship of Lam and Teng [19].  
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εt =
2fo

(Ec − E2)
(10) 

Ultimate stress of FRP-confined section 
(
fʹcu
)

can be computed by Eq. (11). fʹlu/fʹc represents the nominal confinement ratio. 

fʹcu =
(

1+3.3
fʹlu
fć

)

fʹc (11) 

Ultimate axial strain of FRP (εcu) is obtained by Eq. (12). In the equation, εh,rup notated as hoop strain of FRP at rupture. εco was taken 
equal to 0.002 in the proposed equation. 

εcu =

(

1.75+12
fʹlu
fć

(
εh,rup

εco

)0.45
)

εco (12)  

2.4. Ilki Model 

Stress-strain relationship of this model (referred as Ilki) was proposed for circular, square and rectangular sections and shown in 
Fig. 4 based on the studies of Ilki and Kumbasar [22] and Ilki et al. [21]. This model is similar to Lam and Teng model since both models 
considered the bilinear four-parameter equation suggested by Richard and Abbott [36]. In the proposed analytical model, polynomial 
constant (n) was taken equal to 20 by Ilki et al. [21] and for the transition of branches and strain reduction factor (kε) was as 0.700 for 
carbon FRP material in this model. Ultimate stress and strain of FRP-confined section 

(
fću, εcu

)
can be computed by Eqs. (13) and (14), 

respectively. In the equations, fʹlu is the effective confining stress. In the equation, εco is accepted as 0.002, b and h are the width and 
depth of member section, respectively. 

fʹcu =

(

1+2.4
(

fʹlu
fć

)1.2
)

fʹc (13)  

εcu =

(

1+ 20
h
b

(
fʹlu
fć

)0.5
)

εco (14)  

2.5. Mechanical attributes of materials 

In the study, two different reinforcement materials notated as S220 and S420 which has yield strength (fsy)of 220 MPa and 420 MPa 
is used for the determination of numerical cross-sectional dimensions, respectively. Strength and strain capacity of reinforcing ma-
terials are provided in Table 1 as suggested in TBEC [37]. Young modulus (Es) of both materials was equal to 200 MPa. 

It was assumed that all generated cross-sections are laterally confined with CFRP. Attributes of CFRP material was taken from Lam 
and Teng [19,20] compatible with ACI 440 [31] and modulus of elasticity (Ej) was 235 GPa and tensile strength (fju) of CFRP was 3530 
MPa. 

3. Validation of numerical models with experimental study 

In the study, stress-strain relationship of all FRP models coded in spreadsheet software in Excel and axial-load-moment and 
moment-curvature analysis were performed. To validate the adopted stress-strain models and developed software, experimental 
studies of Iacobucci et al. [38] was used to compare the results of numerical models adopted in this study. All column dimensions in the 

Fig. 4. Stress-strain relationship for Ilki et al. (2004).  
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experiment were 305 × 305mm, section reinforcement layout is shown in Fig. 5 and properties of member and loading values in the 
experiment is given in Table 2. Detailed information about the experimental program can be found in the related study. 

It can be seen from Table 2 that thickness of CFRP and axial load on the cross-sections was changed, and also relatively close but 
different unconfined concrete strength values was considered in the experiment. In the experiments, stirrup spacing was 300 mm, yield 
strength of lateral reinforcement was 457 MPa, and longitudinal reinforcement strength was 465 MPa. Iacobucci et al. [38] indicated 
that elastic modulus and tensile strength of CFRP was 76350 MPa, and 962 MPa/layer, respectively. 

For validation purposes, five different samples of experiments were used and moment-curvature relation of sections with afore-
mentioned attributes was obtained and compared with each experimental results as shown in Fig. 6. It can be seen from the figure that 
there is a good agreement between experimental and numerical models. In general, moment capacities of existing models around the 
balanced behavior where yielding occurs in tensile reinforcements, is comparable with experiments. It is observed that curvature 
values around the yield were overestimated for ASC-4NS in all models although moment capacities are well-predicted. Nevertheless, 
figure clearly shows that all models have superior performance in predicting bending capacity of members. Similarly, curvature ca-
pacity at yield and ultimate is fairly good in all models. It is observed that in some experimental samples, ultimate curvature capacity 
obtained from Pantelides model is higher than other models and experimental results. It should be noted that detailed quantitative 
assessment with existing models is also made in Section 5.3 using statistical parameters including moment-curvature response pro-
duced by proposed stress-strain relation model in this study. 

During moment-curvature analysis, a neutral axis is assumed every value of curvature using section-fiber model. The strains of each 
fiber and reinforcing steel were obtained based on strain-compatibility. The strains corresponding to regarding constitutive model of 
FRP-confined concrete and reinforcing steel were determined to obtain the stresses. The stresses are then integrated to get the value of 
force contribution from each component in compression and tension. If the equilibrium of compressive, tensile and the axial load was 
within identified tolerance, then the moment from all fibers was summed and section moment at that curvature was obtained. Based on 
this moment-curvature analysis, it was possible to determine each N and M pairs and hence the N-M interaction diagram for com-
parison. N-M interaction of FRP-confined members with experimental results (N-M points) provided by Rocca et al. [39] using 
Iacobucci et al. [38] experiments were used and compared with N-M diagram obtained by developed software program. In Fig. 7, N-M 
diagrams were obtained and drawn by developed software and N-M points were taken from each sample experiments. It can be 
observed Youssef and Pantelides models slight underestimated the moment capacities for ASC-2NS while Ilki and Lam and Teng 
models were compatible. As also observed from moment-curvature response, all model predictions were relatively lower than ex-
periments and this situation can be also apparently seen in Fig. 7 for ASC-6NS specimen. Moment capacities determined from Ilki and 
Lam ang Teng models have agreement while other models produced lower values for the moment capacity of ASC-5NS specimen. As 
seen in Fig. 7, moment capacity produced by Pantelides model is more compatible while moment capacity of Youssef model was low 
and moment produced by Ilki and Lam and Teng models were slightly higher for ASC-4NS specimen. It can be stressed that N-M 
diagrams especially observed for experiments have similar trends naturally and compatible with moment-curvature responses since 
these responses were determined for given axial loads given in Fig. 6 and Table 2. Finally, it can be claimed that that developed 
spreadsheet software is capable of obtaining accurate results considering satisfactory compatibility with experimental results. 

4. Construction of analytical sections and evaluation analysis 

Determining the validity of numerical results for computation of stress-strain and moment-curvature capacity of experimental 
results, numerous analytical sections to cover broad range of concrete members were constructed. By this way, efficiency of CFRP using 
different section parameters such as member dimensions, axial load level, longitudinal reinforcement ratios, transverse reinforcement 
layouts will be scrutinized. Generated RC sections will be also analyzed as-built using confined and unconfined concrete model [33] for 
comparison purposes. In addition, effect of these parameters on the stress-strain, moment-curvature, N-M diagram of members and 
their dependency on CFRP will be investigated. 

All generated RC section was confined with thickness (tj) of 1 mm of CFRP material and it was assumed that all RC sections were 

Table 1 
Strength and strain properties of reinforcing bars given in TBEC.  

Type fsy (MPa) εsy εsh fsu (MPa) εsu 

S220 220 0.0011 0.011 264 0.12 
S420 420 0.0021 0.008 504 0.08  

Fig. 5. Cross-section and reinforcement layout from experimental program of Iacobucci et al. [38].  
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laterally confined using different FRP models given Section 2. Corner radius (rc) was assumed 25 mm and diameter of stirrup was taken 
constant and 8 mm in all FRP-confined RC sections. In the study, square and rectangular sections were used, and depth/width of RC 
section were taken 0.5, 1.0 and 2.0. Axial load ratio (ʋ= N /bhfć

)
RC sections were taken between 0 % and 50 % with increments of 10 

%. To investigate effect of CFRP on the strength and deformation of RC sections, unconfined concrete strength (fć) was altered between 
10, 16, 25 and 30, 40 and 50 MPa to represent low- and medium-strength concrete. Longitudinal reinforcement ratio (ρl) of members 
was taken between 1 % and 4 % with increments of 1 %, strength of longitudinal and transverse reinforcement (fsy) was considered as 
in Table 1 and stirrup spacing (s) was altered as 100 mm and 200 mm. 

4.1. Evaluation of analysis results 

In this section, analysis results are evaluated in three ways: 1) stress-strain relationship of FRP models are evaluated of square and 

Table 2 
Characteristics of experimental study Iacobucci et al. (2003).  

Sample name fʹc (MPa) tj (mm) N (kN) 

ASC-2NS 36.5 1 1290.3 
ASC-3NS 36.9 2 2231.2 
ASC-4NS 36.9 1 2231.2 
ASC-5NS 37.0 3 2237.3 
ASC-6NS 37.0 2 1307.9  

Fig. 6. Comparison of moment-curvature relation between numerical models and experiment.  
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Fig. 7. Comparison of numerical models with experimental results considering N-M diagram.  

Fig. 8. Comparison of concrete models in RC sections with h/b ratio of 1 and 2.  
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rectangular section considering different unconfined strength of concrete, 2) moment-curvature capacity of members used for different 
ʋ and ρl to compare FRP models, 3) N-M diagram of FRP models were compared. 

Unconfined concrete strength of 10 MPa and 30 MPa are used to compare σ − ε relation of FRP-confined, and ordinary confined and 
unconfined concrete models. For comparison purposes, fsy = 420 MPa, s = 100 mm and ρl = 1% is assumed to compute confined 
concrete stress-strain relation. Due to the presence of stirrups in RC sections, it was evaluated that the ultimate capacity of FRP- 
confined section would not be less than Mander et al. [33]. As an example, comparison of stress-strain relation for square (450 ×
450 mm) and rectangular sections (250 × 500 mm) are shown in Fig. 8. 

It can be seen from the figure that all FRP models quite improved σ − ε relation of concrete compared to unconfined model. When 
the results are evaluated for square section, it can be said that the compressive strength increase between FRP models can be listed as 
Ilki, Pantelides and Lam Teng model compared to confined concrete model in the case of fʹc = 10 MPa. Increase in the strength 
observed quite low in Youssef model. If the improvement of ultimate strain εcu is compared, it can be said that Youssef and Ilki provided 
higher ultimate strain and hence the ductility compared to other models. The highest increment for high strength case fć = 30 MPa is 
observed from Ilki and Lam and Teng model and ultimate strength of both models is almost similar. Ilki Model approximated the 

Fig. 9. Moment-curvature relation of 600x300 section and comparison of as-built and FRP models.  
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highest ultimate strain, and it is followed by the Pantelides and Youssef models. For rectangular sections, it was observed that Ilki 
model produced the highest strength and ultimate strain values compared to other models and this is not dependent to unconfined 
concrete strength. Pantelides model also provided high stress values with Ilki model especially for fć = 10 MPa. If both square and 
rectangular section considered together, it can be said that Ilki model considerably higher than other models in terms of stress and 
strain values and it is expected high strain values will result higher deformation capacities. 

In the second way of evaluation of FRP models, moment-curvature capacity of sections was used and compared. RC column with 
600 × 300 mm section dimensions that have 420 MPa yield strength capacity of reinforcement is considered for comparison and 
moment-curvature capacity of all FRP models are drawn in Fig. 9 using different ρl, ʋ and fć. It can be seen from the figure that moment 
capacity of section is increasing with increasing ρl as seen from Fig. 9c–e and Fig. 9d–f. In the study, columns were subjected to 
maximum 40 % of axial load capacity and hence columns behaved around or below the balanced behavior. Accordingly, moment 
capacity of columns increased with increasing axial load ratio and this situation can also be observed if Fig. 9a–c and Fig. 9b–d are 
compared. In addition, moment capacity of RC members was higher for high strength concrete material as observed in Fig. 9a–b, c- 
d and e-f. This situation is valid for as-built RC sections and FRP-confined columns. When the effect of CFRP is observed, figures clearly 
indicates that deformation capacity of FRP-confined sections are dramatically increased compared to as-built RC sections. When the 
bending capacity of RC section is compared, it can be said that moment capacity of CFRP sections is increasing after yield and stiffness 
of members is positive beyond this level. This situation is also compatible with σ − ε behavior of FRP-confined sections. Fig. 9b–d and f 
also demonstrate that moment capacity of RC sections are almost identical at yield regardless of FRP model. However, bending ca-
pacity of section may be diverged between the FRP models and hence, it is not similar for low-strength concrete. In addition, the 
difference between the models becomes more apparent with increasing ρl and ʋ. In general, Pantelides and Youssef models produced 
higher bending moment capacities and Ilki and Lam Teng models were almost identical. This situation highlighted that bending ca-
pacity of FRP-confined RC section could be diversified especially for low strength concrete. Evaluations have indicated that moment- 
curvature trend of Lam Teng and Ilki models are almost identical, and it is thought that this could be due to similar σ − ε relation of 
both models. On the other hand, curvature capacities produced from Ilki model are considerably higher than Lam and Teng model, 
compatible with σ − ε. 

In third evaluation approach, N-M diagram of as-built and FRP-confined RC sections are investigated considering 400 × 400 mm 
and 250 × 500 mm as an example. Comprehensive statistical evaluations will be also made for all generated sections following this 
section. N-M diagrams are drawn for fć = 25 MPa, fsy = 420 MPa considering ρl = 1% and ρl = 4% separately in Fig. 10. It can be 
observed from the figure that moment capacity of FRP-confined sections significantly higher than as-built RC sections especially at 

Fig. 10. N–M diagram comparison of as-built and FRP-confined RC square and rectangular sections.  
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high axial load levels. Around the balanced behavior and below this level, effect of CFRP is decreasing on the strength and member 
moment capacities gets quite close. Nevertheless, CFRP effect on the member strength can be apparently seen at high longitudinal 
reinforcement ratio ρl = 4%. This situation is valid for both square and rectangular sections. N-M diagrams obtained from both section 
dimensions also indicated that balanced behavior of members is extended to higher axial load levels especially for ρl = 4% compared to 
as-built RC sections. 

When the effect CFRP models is compared, it can be said that Ilki and Pantelides models produced higher moment capacities for 
sample square and rectangular sections, and this is valid for almost all axial load levels and longitudinal reinforcement ratios. In 
general, Youssef and Lam and Teng models produced lower moment capacities for both sections. It seems from the figure that Lam and 
Teng model produced higher moment capacities than Youssef model especially at high axial load levels for 400 × 400 mm square 
section while Lam Teng model generally produced equal or lower moment capacities than Youssef model in low axial load ratios 
(ʋ≤ 20%). It is worth to note that obtained N-M diagrams are discussed just for sample sections and effect of fć cannot be observed 
from Fig. 10 since effect of CFRP was not clearly observed for high fć values as shown earlier. Accordingly, detailed statistical analysis 
will be made to evaluate effect of CFRP on moment and deformation capacities of RC section using wide range generated RC sections. 

4.2. Statistical assessment of analysis results 

In this section, influence of CFRP on the capacity of RC sections were statistically scrutinized by statistical analysis accounting 
numerous derived analytical sections since small partition of these sections were compared in earlier sections. To assess the devel-
opment of stress-strain behavior of unconfined concrete, the stress and strain ratio of FRP-confined sections at ultimate were divided to 
the corresponding unconfined concrete stress and strain values. By this way, the ratio of increment in terms of strength and defor-
mation capacity of unconfined concrete were obtained and compared for different FRP models. In addition to stress-strain relations, 
the effect of CFRP on the curvature capacity of RC sections were analyzed. For this purpose, ultimate curvature capacity of as-built RC 
sections and FRP-confined sections were obtained from moment-curvature analysis and curvature values were divided to determine 
development in sectional capacities. 

In Fig. 11, the ratio of stress and strain of CFRP to unconfined concrete was computed for a sample 400 × 400 mm squared section 
and distribution of ratios were plotted against fć. It can be seen from the figure that significant development was obtained for low- 
strength concrete depending on the FRP model and development is gradually decreasing with increasing concrete strength. The 
similar trend was also observed for strain development of unconfined concrete in all FRP models except Pantelides model. According to 
Pantelides model, effect of FRP confining is increasing with increasing concrete strength. Since some models account the existence of 
longitudinal reinforcement ratios, the ratios for different longitudinal reinforcement ratios were plotted to investigate the effect of this 
parameter. In Fig. 11, different hallow circles for the same FRP model represents the effect of longitudinal reinforcement ratio. It can be 
said that effect of this parameter is very limited both on stress and strain development as can be also seen from the distribution of 
circles. The results of rectangular sections were not drawn to eliminate the repetition of figures. Nevertheless, it can be said that that 
similar trends against fć are also valid for rectangular sections. All analytical sections will be also further compared and evaluated 
statistically. 

In addition to development of materials, development of curvatures at section level is investigated. For this purpose, a sample as- 
build and FRP-confined squared section (400 × 400 mm) with ρl = 1% is used and ultimate curvature values obtained from moment- 
curvature analysis were divided to determine curvature development of corresponding RC section and results were plotted in Fig. 12 
according to fć and axial load ratio (ʋ = N/bhfć). Fig. 12a shows that curvature development of different FRP models against fć and it 
can be claimed that FRP confining significantly increases the curvature capacity compared to as-built section. Trend of numerical 
models may differ according to fć and it seems that ratios are increasing in Ilki and Pantelides models with increasing unconfined 
concrete strength while this is reversed in Lam&Teng and Youssef models. In Fig. 12a, effect of axial load ratio cannot be clearly 
observed, and to evaluate the effect of axial load ratio on the curvature response development Fig. 12b is plotted. Fig. 12b indicates 

Fig. 11. Stress and strain versus fć development distribution for a sample squared (400 × 400 mm) section.  

M. Palanci and I. Subasi                                                                                                                                                                                             



Journal of Building Engineering 92 (2024) 109676

12

Fig. 12. Curvature development of as-built sample squared (400 × 400 mm) section according to fć and axial load ratio.  

Fig. 13. Cumulative distribution function for all RC sections in development of strength, ultimate strain and curvature capacity for a) Square b) Rectangular sections.  
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that efficiency of FRP confining is increasing at higher axial load ratios. 
Developments in stress, strain and curvatures capacities were made for a sample section in above paragraphs. To evaluate all 

analytical results, computations were further made for all models and sections, and cumulative distribution function (CDF) of results 
for all section types were compared and evaluated in Fig. 13. In the figure, development of strength, ultimate strain and curvature 
capacity of square (left) and rectangular (right) sections are provided separately. 

It can be seen from the figure that different models produced different strength and ultimate strain values for both section types. In 
general, Ilki model provided higher strain values compared to other models. Since higher strain values determined from this model, 
higher curvatures were also obtained from Ilki model. This situation can be more apparently seen in rectangular sections. In general, 
other models are comparable and may produce different strain values for square and rectangular sections. It can be also stated in both 
section types, curvature responses determined from Lam and Teng model is slightly lower than other models. Lam and Teng produced 
almost similar values in terms of strength with Ilki model, but due to lower ultimate strain values, curvature capacity of Lam and Teng 
model was lower than Ilki model. Youssef model produced lower strength values compared to Lam and Teng model, but higher ul-
timate strain values were for Youssef model. Accordingly, ultimate curvature capacity of Youssef model was higher than Lam and Teng 
model. 

5. Prediction equations for stress and strain at ultimate 

Based on the statistical analyses given in section 4.2, simplified backbone curve and prediction equations for FRP-confined RC 
sections at ultimate levels, are developed by adapting Lam-Teng model. During the development of equations, ultimate stress and 
strain values of Lam&Teng model is also considered due its simplicity, wider acceptance in the literature, consideration of various 
parameters including section geometry, dimensions and material compared to other FRP model. In addition, Lam&Teng model was 
preferred since strain and stress values produced by this model is slightly conservative than other models. 

In previous section, all analysis were performed for rc = 25mm, fju = 3530 MPa and kε = 0.586 for CFRP material and h/ b ratio was 
between 0.5, 1.0 and 2.0. On the other hand, parameters used in the analyses can be varied depending on the material content, section 
dimensions, etc. and various values for these parameters can be found in the literature [9,23,31,40]. Considering this issue, various 
values for these parameters are used and rc is taken between 25 mm and 50 mm with increments of 5 mm. Extreme values for fju and kε 

provided in ACI 440 [31] is used and they range around 700 MPa–3600 MPa, and 0.4 to 1.0, respectively. Accordingly, fju taken 
between extreme values with increments of 700 MPa (700, 1400, 2100, 2800 and 3500 MPa), and kε with increments of 0.2 (0.4, 0.6, 
0.8 and 1.0). In addition to these parameters, sections dimension ratios are increased and sections dimension of 3 and 4 is added. 
Consequently, RC sections with h/b ratios of 0.5, 1.0, 2.0, 3.0 and 4.0 is considered. Regarding all parameters such as h/ b, ρl, rc, fju, fć 
and kε, more than 350,000 RC sections were analyzed and used for the development of prediction equations. 

Proposed equations follow two different equation forms, namely, linear (y= ax+b) and power 
(
y= axb) functions as provided in 

Eqs. (15) and (16), respectively. Eq. (15) is used to predict ultimate confined stress, and Eq. (16) predicts the ultimate strain of FRP- 
confined concrete based on the regression analysis in previous section. It was found that proposed functional forms fit best to the 
available data. The left side of the equations is the ratio of predicted FRP ultimate stress to unconfined concrete stress, and FRP ul-
timate strain to unconfined concrete strain (i.e., εco = 0.002) the that compatible y-axis given in figures earlier, respectively. In the 
equations, ρj defines the volumetric ratio of FRP sheet as given in Eq. (17) [18,21], a1, a2 and b2 are also defined as functions depending 
on the h, b, h/b, ρl, rc, fju, fć and kε parameters which functional form of both equations will be determined by statistical analysis. In Eq. 
(15), b1 is constant and it is equal to unity. 

fʹcu
fć

=
(
a1ρj + b1

)
(15)  

Fig. 14. The distribution of dependent variable (a1) versus fć (Left) and h/b ratio (Right) defined in Eq. 15.  
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εcu

2εco
=
(
a2ρj

b2
)

(16)  

ρj =
2tf (b + h)

bh
(17)  

5.1. Prediction of ultimate stress for FRP-confined RC sections 

To expose the significant parameters on the correlation of strength capacities, effect of each parameter is studied. For this purpose, 
some parameters such as fju and kε were neutralized and the lowest values for these parameters were used (i.e., fju = 700 MPa and kε =

0.40) for correlation analysis. Later, these parameters were included in statistical analysis to evaluate final form of the equation. 
General form of proposed stress equation is based on the linear function and constant value (a1) of dependent parameter (ρj) is 
investigated. Statistical analysis has shown that constant value can be also defined as a function of h/b, rc and fć as shown in Fig. 14. In 
Fig. 14a, the relation between a1 and fć is plotted for h/b = 1. Fig. 14a shows that a1 is inversely proportional to fć and it increases with 
increasing rc. This observation is also valid for rest of h/b ratios, but a1 values tend to decrease with increasing h/ b as illustrated in 
Fig. 14b. Observations have shown that ρl has very limited effect on the correlations (see Fig. 14a) and effect of this parameter is 
omitted in statistical analysis for the sake of simplicity. 

The other implication relation between a1 and fć is that constant a1 can be directly parametrized by h/b and rc and this ease to 
describe relation of a1 with these parameters as shown in Fig. 14b. Additional correlation analyses were carried for different function 
forms of h/b and rc for a1 and results demonstrated that power function can be used to relation between them. 

In Fig. 15, typical relation between h/b, rc and a1 is plotted and it can be clearly said that power function fits well with actual data. 
The variables of this power function (m1, m2 and m3) are determined via spreadsheet software developed by authors using Microsoft 
Excel. In addition, lower and upper limits of these variables are also provided for %95 confidence level as given in Table 3. 

To determine the correlations and residual values between predicted and actual values, mean values of coefficients are used. Linear 
correlation analysis has shown that coefficient of determination (R2) between predicted and calculated values is 0.99. Residual values 
(real-predicted) for mean coefficients are also shown in Fig. 15b and according to residual analysis, sum of squared errors (SSE) and 
root mean squared errors (RMSE) found quite low and around 40.34 and 1.39, respectively. 

All statistical analyses above were performed for typical values of fju = 700 MPa and kε = 0.40, but it is known fact that these 
values may change depending on the material characteristics. Accordingly, effect of these parameters on the confined concrete 
strength should be also investigated. Considering the typical form of Eq. (15) for the prediction of strength, effect of these values on the 
a1 is evaluated and results are plotted in Fig. 16. Regarding the obtained relation of fju and kε parameters with different values section 
dimensions, unconfined concrete strength etc., it can be claimed that both parameters have linear relation with a1 as seen the power of 
equation for both figures. Consequently, these parameters were added as linear partition of Eq. (15) for a1 based on the observed 
relations as provided in Eq. (18) and the lowest values for these parameters were used as denominator in the equation. To determine 
ultimate stress of RC section due to FRP confining, Eq. (18) should be placed in Eq. (15). 

a1 =48.
(

kε

0.4

)

.

(
fju

700

)

.

(
1
fć

)

.

(
h
b

)− 2.3

.(rc)
0.37 (18)  

5.2. Prediction of ultimate strain for FRP-confined RC sections 

Statistical analyses were further made for the prediction of ultimate strain of FRP-confined section analytically. For this aim, εcu/

2εco ratios were investigated in terms of mathematical function given in Eq. (16). For this purpose, section that represent the different 
materials of FRP was selected and relation is plotted in Fig. 17. The figure is drawn for h/b = all, rc = 25 mm and fć = 10 MPa by 
changing the fju and kε values for each figure. According to figure, it was observed that Eq. (16) may lost its reliability especially for 
higher ρj ratios depending on the material quality. Nevertheless, evaluations also indicated that strong correlations can be obtained by 

Fig. 15. The functional form (Left) and residual values (Right) for optimal values of the developed equation of a1 againest h/b and rc.  
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splitting the equation by means of FRP volumetric ratios. Based on the statistical assessments, it was determined that higher correlation 
could be obtained for ρj < 3% and ρj ≥ 3%. In Fig. 17, blue, black and red continuous lines represent the effect of power function 
considering ρj < 3%, ρj ≥ 3% and ρj = all. It can be said that separation of equation regarding ρj is effective to represent relation εcu/

2εco versus ρj. 
According to these results, two different versions of (a2, b2) variable pairs should be obtained for divided ρj to predict ultimate 

strain of FRP-confined RC sections. It is certain that these pairs will be also dependent on parameters such as h/b, rc, fju, kε and fć as was 
observed in the determination strength of FRP RC section. In Eq. (19), possible mathematical form of (a2, b2) variable pairs are given. 
These pairs are constants of power functions, and they can be obtained by further statistical analysis. 

(a2, b2)=

⎧
⎪⎨

⎪⎩

If ρj ≥ 3% then f
(

h
/

b, rc, fʹc, fju, kε

)

If ρj < 3% then f
(

h
/

b, rc, fʹc, fju, kε

) (19) 

To reduce the effect of unknown parameters, fju and kε parameters were excluded from statistical analyses, and they were used as 
fixed variables Evaluations also highlighted that fju and kε parameters linearly influenced the εcu/2εco distributions and hence, these 
parameters can be subsequently added to Eq. (18). For this reason, efficiency of h/b, rc and fʹc parameters were investigated by the 
lowest values of fju and kε for each (a2, b2) variable pairs separately. In Fig. 18, effects of h/b, rc and fʹc parameters are drawn for each 

Table 3 
Values of power function variables for a1.  

m1 m2 m3 

48 ± 5 (43, 53) 0.37 ± 0.30 (0.34, 0.40) − 2.3 ± 0.1 (− 2.2,-2.4)  

Fig. 16. The relationship and correlation of a1 versus fju (Left) and kε (right).  

Fig. 17. εcu/2εco versus ρj (left: fju = 3510 MPa & kε = 0.4; right: fju = 700 MPa & kε = 1.0).  
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variable to identify functional form. In Fig. 18, the distribution of a2 and b2 variables did not plot for h/b = 1 since unity does not have 
any statistical inference owing to mathematical form of power function. 

In the figure, hallow circles represent the change of a2 and b2 variables for rectangular sections considering different ρFRP ratios. 
Power functions were used to show relation of a2 and b2 variables and red continuous line was drawn considering all sections and 
variable of the function is given in red. It can be seen from the figure that a2 and b2 variables are inversely proportional to h/ b and fć 
parameters while directly proportional to rc parameter. It can be also said that separation of variables in terms of ρj ratios seem 
reasonable and difference between the relations can be observed. This situation was seen in fć parameter more apparently. 

The relations of h/b, rc and fć parameters with a2 and b2 variables plotted in Fig. 18 was used to combine effect of these parameters 
to obtain parametric equations. According to relations seen in Fig. 18, minimum, maximum and average values for the power function 
were used as basis for this parametric equation. For example, the relation a2 with rc for all RC section indicates that average constant 

Fig. 18. Effect of various parameters on the distribution of (a) constant a2 and (b) power b2 for Eq. (16) considering fju = 700 MPa and kε = 0.4.  
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values of power function are 0.9452 and 0.3547. To simplify the equations between the parameters (i.e., h/b, rc and fć) and variables a2 

and b2, only exponent were considered such as 0.3547 for previous example because proportion between these parameters could be 
determined for the equations. Using the spreadsheet software developed by authors using Microsoft Excel solver, Eqs. (20) and (21) 
were determined and notated as á2 and b2́. These notations were used to represent the virtual values of a2 and b2 variables since square 
sections (h/b = 1) were not considered for the derivation of these equations. 

aʹ
2 =

(
kε

0.4

)

.

(
fju

700

)

.

⎧
⎨

⎩

If ρj ≥ 3% then (h/b)− 0.25
.(rc/25)0.4

/(
fʹc
/
10
)0.7

If ρj < 3% then (h/b)− 0.20
.(rc/25)0.25

/(
fʹc
/
10
)0.7

(20)  

bʹ
2 =

(
kε

0.4

)

.

(
fju

700

)

.

⎧
⎨

⎩

If ρj ≥ 3% then (h/b)− 0.25
.(rc/25)0.6

/(
fʹc
/
10
)0.7

If ρj < 3% then (h/b)− 0.20
.(rc/25)0.25

/(
fʹc
/
10
)0.7

(21) 

To describe fully functional mathematical equation, the relation of Eqs. (20) and (21) with a2 and b2 variables should be introduced. 
For this purpose, these equations were applied to all created RC sections in the database and relation between them is plotted in Fig. 19. 
Naturally, relations between the parameters were diversified for square and rectangular sections. In the figure, relations of square 
section are plotted in hallow circles while hallo square shape for rectangular sections. Different colors were used to represent distinct ρj 

ratios. When the relations are investigated, it can be said that a2 and aʹ
2 is almost proportional, cross-sectional dimensions of sections 

have crucial effect and relations resemble the power function. However, section dimension effect is minimal and the relation of b2 and 
bʹ

2 is like elastoplastic behavior; relation is proportional in the first branch and none in second branch since increment of bʹ
2 did not 

resulted the changes in b2. Accordingly, the relation between them can be described as one-parameter sigmoid function. 
Based on the definitions and relation of both parameters given in Fig. 19, final form of a2 and b2 variables can be obtained as 

defined in Eqs. (22) and (23). It can be seen from the equations that these parameters are conditioned to section geometry (e.g., square 
or rectangular) and volumetric FRP ratio (ρj). These equations also have some variables ranging m4 to m13 that must be determined 
according to statistical analysis. It is worth reminding that before the calculation of Eqs. (22) and (23), á2 and b́2 variables provided in 
Eqs. (20) and (21) should be calculated. The results of Eqs. (22) and (23) should be placed into Eq. (16) to predict the ultimate strain 
value of FRP-confined RC sections. Doing the statistical analysis, mean and %95 confidence bounds for the variables ranging from m4 
to m13 is provided in Table 4. 

a2 =

⎧
⎨

⎩

If ρj ≥ 3% then m4.
(
aʹ

2
)m5

If ρj < 3% then m6.
(
aʹ

2
)m7

(22)  

b2 =

⎧
⎨

⎩

If ρj ≥ 3% then m8 − m9.
(

em10 .(bʹ
2)
)

If ρj < 3% then m11 − m12.
(

em13 .(bʹ
2)
) (23)  

5.3. Validation of the developed FRP-confined concrete model 

In this section, prediction equations given in Eqs. (15) and (16) were applied to generated analytical sections. During the calcu-
lations, mean values of variables for the corresponding prediction equations is used (see Tables 3 and 4). The distribution of calculated 
values with real ones is plotted in Fig. 20. According to figure, correlation coefficient (R2) for stress and stress ratios are 0.99 and 0.97, 
respectively. High correlations clearly indicate the accuracy of prediction equations with analytical ones. In addition to correlation 

Fig. 19. Comparison of relation between parameters (a) a2 and a2́ (b) power b2 and b́2.  
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coefficient, mean, median and coefficient of variation (CoV) values for the ratios prediction to real values were also computed and 
given in the Figure. Based on the obtained values, it can be said that mean and median values are comparable and the variation 
between real and proposed values are low which highlights the efficiency of proposed equations. Accordingly, it can be implied that 
proposed prediction equations have very good accuracy in predicting the stress and strain values for FRP-confined concrete at ultimate 
conditions. 

Following the analytical comparisons, proposed model is then compared with experimental results based on both stress-strain [18, 
19,22,41–46] and moment-curvature relation of FRP-confined sections [38,47,48]. To avoid excessive use of figures, some of 
stress-strain relationship using existing models are compared with proposed model in Fig. 21. In the figure, notations of “S” and “R” at 
the beginning of experimental model name are used to describe the square and rectangular sections, respectively. The comparison of 
rest of experimental results with proposed model is made in Table 5 to make comprehensive assessment and to illustrate efficiency of 
proposed models using some statistical parameters such as mean, median, root mean squared error (RMSE), mean absolute error 
(MAE) and average absolute error (AAE). The brief information regarding physical properties of member sections in experimental 
specimens are presented in Appendix A. 

It can be seen from Fig. 21 that existing models may produce different stress-strain relations compared to each other. Nevertheless, 
stress-strain relation of proposed and Lam and Teng model is similar. Proposed model assumes the linear relation between initial and fć 
and εco (accepted as equal to 0.002) points, this assumption may cause slightly underestimation of initial stiffness. On the other hand, 
the figure also demonstrates that some existing models depending on the experiment might also underestimate the initial stiffness for 
the stress-strain relation despite the extensive calculations. It should be noted that both stress-strain values of experiments at yield and 
ultimate is comparable to proposed model. The absolute error (experiment-predicted) of stress and strain at ultimate presented in 
Fig. 21 is less than %7 and %9, respectively. Considering the experiment presented in Fig. 21 and some published experimental results 
are computed and compared with proposed model in Table 5. It is wort noting that experimental specimens represent broad range of 
specimens. For example, specimens cover different section dimensions (i.e., square and rectangular), compressive concrete strength 
(fć), corner radius (rc) and wide range of FRP material characteristics (fju, kε and tj) as can be seen in Appendix A. By this way, 
comprehensive assessment was made through proposed and existing predictive models and results are given in Table 5. In the table, 
specimens and experimental results are introduced in first three rows and later stress and strain values produced by proposed, Ilki, Lam 
and Teng (LT), Pantelides and Youssef models are given. In the last five rows of the table, some statistical parameters are used to 
investigate efficiency of proposed model by comparing the existing models. 

According to Table 5, proposed model in the 3rd rank for prediction of stress at ultimate according to mean of experiment/model 

Table 4 
Mean and 95 % bound for the variables given in Eqs. (22) and (23)  

Variables Mean ± 95 % bounds 
Square (Rectangular) 

m4 24 ± 0.350 (33 ± 0.330) 
m5 1.66 ± 0.006 (1.62 ± 0.005) 
m6 4.85 ± 0.090 (9.3 ± 0.100) 
m7 1.98 ± 0.008 (1.92 ± 0.005) 
m8 1.2 ± 0.004 (1.1 ± 0.002) 
m9 1.1 ± 0.011 (1.0 ± 0.007) 
m10 − 0.62 ± 0.011 (− 0.8 ± 0.010) 
m11 0.94 ± 0.002 (0.94 ± 0.001) 
m12 1.0 ± 0.002 (1.0 ± 0.002) 
m13 − 0.38 ± 0.003 (− 0.51 ± 0.002)  

Fig. 20. The comparison real and predicted values analytically generated RC sections.  
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results of 1.09, 0.95, 1.03, 0.97 and 1.22 for proposed, Ilki, Lam and Teng (LT), Pantelides and Youssef models, respectively. This 
situation is also valid for mean of absolute of values 1-(Experiment/model). On the other hand, when the ultimate stress values are 
compared for the same statistical parameters, proposed model in the 2nd rank after Lam and Teng model and it should be noted that 
calculated values for Lam and Teng models are very close to proposed model. Although the ranking between the models varies 
depending on the statistical parameter (i.e., mean of absolute of values 1-(Experiment/model), (Experiment/model) and Median), it 
can be said that the proposed model and Lam and Teng results are the most compatible with experimental results. Similar conclusions 
can be also drawn for strain results of models and proposed one. 

When the results for statistical parameters of AAE, RMSE and MAE are compared over the stress values produced, it can be observed 
that Lam and Teng and proposed model results are identical for AAE and calculated RMSE and MAE values for Lam and Teng model are 
found slightly lower than proposed model. For example, RMSE and MAE values of proposed and Lam and Teng values are 9.12 and 
6.92, and 8.28 and 6.66, respectively. However, when the comparisons are also made over the strain predictions for RMSE and MAE, it 
can be apparently seen that the proposed model (RMSE = 0.0026 and MAE = 0.0020) is in the first rank compared to existing models. 

The comparison of proposed model with existing models also extended for moment-curvature response of experimental results. As 
mentioned in previous sections, moment-curvature response of FRP-confined members are not evaluated in detail. For this reason, the 
number of experimental results on the moment-curvature responses are limited [38,47,48] and available literature used for assessment 
purposes. Experimental results of Iacobucci [38] were given in Section 3 and comparison of existing models were made (see Fig. 6) in 
the related section. For this reason, moment-curvature response of all models is not provided in this section and only experimental 
results are plotted for proposed and Lam and Teng models which was found the best two ranked models earlier. However, statistical 
assessment for existing models including proposed model is made in Table 6. The experimental results of Sause et al. [47] and Walkup 
[48] were used for comparison and the label of these experiments were F1 and F2. Information regarding F1 and F2 specimens are also 
given in Appendix A. F1 and F2 specimens have equal dimension in both directions (i.e., square) and these specimens were subjected to 
cyclic tests. Cyclic response of columns was determined under constant axial load (1339 kN and 1352 kN for F1 and F2, respectively) 
and results are plotted in Fig. 22. In the figure, designation of reinforcing steel and section dimensions for specimens are also sketched. 
It can be seen from the figure that moment-curvature capacity of columns determined from proposed model is remarkably close to 
responses determined from Lam and Teng model. Figure also indicates that that initial stiffness of moment-curvature determined from 
proposed model is also in agreement with experimental results. According to comparisons, it can be said that proposed model and Lam 
and Teng model slightly underestimates the ultimate curvature capacity of sections. However, it is worth noting that curvature ca-
pacities of specimens at ultimate are slightly higher since these values calculated by averaging the maximum curvatures from positive 
and negative cycles. 

The moment and curvature responses experiments and existing models including proposed one are tabulated in Table 6 and 

Fig. 21. The comparison stress-strain relation of proposed model with existing and experimental results.  
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assessed by some of statistical parameters. Due to limited number of experiments, mean and median values are not calculated in the 
table and AEE, RMSE and MAE parameters are used. According to Table 6, AEE values determined from all models are very close for 
moment responses at ultimate, the maximum and minimum AEE value are 0.03 (determined for Ilki model) and 0.05 (determined for 
Youssef model), respectively. AEE is equal to 0.04 for rest models including proposed model. According to Table 6, proposed model in 
the 2nd rank with Lam and Teng model for the prediction of moment capacity at ultimate according to AEE. This situation is also valid 
when the ultimate curvature capacities are compared for the same statistical parameter (i.e. AEE). It seems that Ilki model produced 
more compatible results compared to experiments. Similar conclusions can be also drawn for strain results of models and proposed one. 
This is partly related to constitutive model of Ilki model since stress and strain values of relatively higher than all compared existing 
models. In addition, averaging of maximum curvatures from positive and negative cycles from experiments at ultimate were found 
slightly higher than individual cycles. Accordingly, similarity of Ilki model with experiments was expected. 

Table 5 
The comparison of proposed model with existing models using experimental results at ultimate condition (units in MPa for compressive strength).  

Specimen fʹcu 
(Exp.) 

εcu 

(Exp.) 
fʹcu (Eq.  
(15)) 

εcu (Eq.  
(16).) 

fʹcu 
(Ilki) 

εcu 

(Ilki) 
fʹcu 
(LT) 

εcu 

(LT) 
fʹcu 
(Pant.) 

εcu 

(Pant.) 
fʹcu 
(Yous.) 

εcu 

(Yous.) 

S–C2-0 [18] 26.1 0.01 21.86 0.009 27.12 0.026 26.19 0.013 26.11 0.01 20.11 0.02 
S1R15 [19] 35 0.007 39.14 0.006 40.74 0.016 41.44 0.007 31.79 0.024 34.93 0.01 
S1R25 [19] 39.4 0.009 40.27 0.006 42.39 0.017 43.17 0.008 38.35 0.026 34.87 0.011 
S2R15 [19] 50.4 0.009 44.58 0.010 49.26 0.021 49.19 0.01 46.45 0.021 37.83 0.016 
S2R25 [19] 61.9 0.008 46.84 0.010 52.98 0.023 52.64 0.012 61.05 0.025 40.15 0.018 
S3R15 [19] 61.6 0.018 40.32 0.014 50.3 0.030 47.23 0.018 54.14 0.017 35.37 0.028 
S3R25 [19] 66 0.015 43.72 0.016 56.66 0.033 52.4 0.021 69.44 0.02 37.95 0.033 
R4R15 [19] 49.2 0.012 48.64 0.014 63.18 0.033 51.62 0.014 60.44 0.022 48.83 0.017 
R4R25 [19] 51.9 0.01 50.12 0.015 68.95 0.036 53.72 0.016 78.49 0.026 52.27 0.02 
R3b [22] 38.4 0.013 36.71 0.011 46.55 0.038 37.62 0.012 52.49 0.024 36.82 0.013 
S5–C5 [41] 43.9 0.01 52.83 0.010 57.62 0.018 58.16 0.008 41.37 0.018 48.42 0.012 
S25–C4 [41] 50.9 0.014 56.86 0.011 62.4 0.021 62.82 0.01 66.25 0.025 47.85 0.014 
R25-C3 [41] 42 0.008 46.37 0.009 52.03 0.022 48.37 0.008 44.64 0.024 43.89 0.01 
R38-C3 [41] 43.7 0.009 47.1 0.010 54.04 0.023 49.57 0.009 56.96 0.028 43.81 0.011 
R5-C5 [41] 44.3 0.01 47.91 0.012 54.13 0.021 50.51 0.008 41.06 0.021 47.69 0.01 
R25-C4 [41] 44.3 0.009 49.72 0.010 57.79 0.024 52.4 0.009 54.52 0.024 46.61 0.012 
R2-30 [42] 32 0.008 33.77 0.008 37.1 0.021 34.84 0.008 29.21 0.018 31.29 0.011 
ScL5m [43] 55.6 0.011 48.43 0.012 53.57 0.024 52.89 0.012 60.64 0.021 40.4 0.018 
s-r50 [44] 61.7 0.011 46.82 0.012 44.94 0.025 45.58 0.013 70.1 0.021 33.52 0.017 
s-r50 [44] 63.7 0.011 48.36 0.012 46.32 0.024 47.12 0.012 71.6 0.022 34.75 0.017 
R4Lr45 [45] 45.2 0.025 38.81 0.019 54.68 0.041 39.89 0.019 62.91 0.019 40.04 0.024 
R2Lr25 [45] 42.1 0.014 39.19 0.009 43.73 0.024 39.66 0.009 33.06 0.02 37.54 0.011 
R4Lr65 [45] 51.1 0.026 40.26 0.021 59.66 0.044 41.65 0.021 77.14 0.021 42.35 0.027 
P-1-20-3-A 

[46] 
27.3 0.008 30.07 0.007 30.5 0.018 30.84 0.008 23.2 0.017 25.05 0.012 

P-1.5-40-2-A 
[46] 

28.7 0.008 24.25 0.006 27.04 0.024 24.63 0.008 22.3 0.02 22.92 0.011 

P-1.5-20-2-A 
[46] 

29.3 0.007 25.24 0.005 27.19 0.02 25.56 0.007 21.96 0.023 24.44 0.009 

(Experiment/model) mean 1.09 1.07 0.95 0.45 1.03 1.02 0.97 0.57 1.22 0.76 
|1-(Experiment/model)| mean 0.16 0.18 0.16 0.55 0.14 0.17 0.16 0.48 0.24 0.27 
Median (Experiment/model) 1.06 0.98 0.88 0.44 1.01 0.99 0.98 0.49 1.13 0.75 
AAE 0.14 0.17 0.17 1.33 0.14 0.17 0.18 1.13 0.16 0.43 
RMSE 9.12 0.0026 9.79 0.0217 8.28 0.0050 10.77 0.0192 12.81 0.0069 
MAE 6.92 0.0020 8.32 0.0141 6.66 0.0021 8.23 0.0107 8.51 0.0046  

Table 6 
The comparison of moment and curvature responses determined from proposed and existing models using experimental results at ultimate condition.  

Specimen Mu 

(kNm) 
(Exp.) 

φu (1/ 
m) 
(Exp.) 

Mu 

(kNm) 
(Prop.) 

φu (1/ 
m) 
(Prop.) 

Mu 

(kNm) 
(Ilki) 

φu (1/ 
m) 
(Ilki) 

Mu 

(kNm) 
(LT) 

φu (1/ 
m) 
(LT) 

Mu 

(kNm) 
(Pant.) 

φu (1/ 
m) 
(Pant.) 

Mu 

(kNm) 
(Yous.) 

φu (1/ 
m) 
(Yous.) 

ASC-2NS 228.8 0.126 227.91 0.088 229.99 0.088 231.82 0.089 226.45 0.209 220.49 0.083 
ASC-3NS 233.2 0.120 237.67 0.066 244.42 0.086 246.91 0.068 227.77 0.105 227.12 0.063 
ASC-4NS 218.2 0.065 231.70 0.065 233.50 0.065 236.35 0.066 227.95 0.166 218.47 0.059 
ASC-5NS 260.1 0.150 245.20 0.066 255.39 0.107 257.17 0.070 228.89 0.081 235.91 0.065 
ASC-6NS 245.8 0.163 233.92 0.088 240.10 0.111 240.65 0.091 227.80 0.137 225.58 0.085 
F1 529.8 0.117 495.50 0.079 512.60 0.160 500.80 0.086 519.30 0.128 482.62 0.101 
F2 500.1 0.107 493.28 0.075 504.55 0.126 498.58 0.081 491.26 0.112 475.68 0.071 

AAE 0.04 0.34 0.03 0.27 0.04 0.32 0.04 0.44 0.05 0.35 
RMSE 15.98 0.05 10.21 0.04 14.16 0.05 15.20 0.06 23.66 0.05 
MAE 12.39 0.04 8.53 0.03 10.50 0.04 12.30 0.04 18.66 0.05  

M. Palanci and I. Subasi                                                                                                                                                                                             



Journal of Building Engineering 92 (2024) 109676

21

When the results for statistical parameters of RMSE and MAE are compared over the moment capacities, Ilki model found close to 
experimental values and Lam and Teng and proposed model can be place in 2nd and 3rd rank, respectively. Calculated RMSE and MAE 
values over curvature capacities indicate that Lam and Teng and proposed model results are close. For example, RMSE values are 
identical and equal to 0.05, and MAE values are 0.04 and 0.05 for proposed model and Lam and Teng model, respectively. Considering 
the MAE value, proposed model is in the second rank among the existing models. Consequently, when the results of analytical and 
experiments for both stress-strain and moment-curvature relations considered, proposed model can be found accurate and comparable 
to existing models with low error and variation. Proposed model can be also regarded as efficient since proposed equation significantly 
practical and reduces time and computational efforts compared to existing FRP-confined models. 

6. Conclusion 

In this study, effects of FRP-confined models on the stress, strain, N-M relation and moment and curvature capacity were examined 
by using numerous as-built RC section database. Based on the statistical analyses, simple prediction equations were proposed for the 
estimation of stress and strain based on bi-linear approximation. Based on the comparisons, following conclusions and recommen-
dations made as follows.  

• Analysis results have shown that depending on the model, concrete strength gain may up to 2.5 times compared to unconfined 
concrete. Similar gain ratios were also obtained for curvature at ultimate. On the other hand, the effect of FRP confining on the 
strain is more pronounced than strength capacity and strain gain may be 4 times higher than unconfined concrete.  

• Comparison N-M interaction of FRP-confined models showed that FRP confining have positive impact on the moment capacity of 
sections compared to ordinary confined concrete model. It was also observed that the effect of FRP becomes more apparent 
especially if the reinforcement ratio increases when axial loads around the zero. 

• Based on the extensive statistical evaluations on the FRP-confined concrete using numerous generated RC sections, it was deter-
mined that ultimate stress and strain capacity of FRP-confined model can be described as function of h/b, rc, fć, fju, kε and ρj pa-
rameters. Statistical analyses have shown that strength and strain value at ultimate can be identified as linear and power functions, 
respectively. Finally, constitutive model for design-oriented FRP-confined model based bi-linear backbone curve is proposed.  

• Proposed model including existing models was subjected to a comparison with analytical and experimental results and accuracy of 
model was investigated. Comparison of proposed with analytically generated RC sections showed that the correlation coefficient 
was higher than 0.97 for both stress and strain predictions. In addition, statistical measures of mean, median and coefficient of 
variations were found 1.01, 1.01, 2.5 % and 1.23, 1.19, 23 % for stress and strain, respectively. Considering the high correlations 
and low variations, proposed equations was found accurate in predicting the stress and strain values for FRP-confined concrete at 
ultimate conditions. 

Fig. 22. The comparison moment-curvature behavior of proposed model with Lam and Teng and experimental results.  
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• Comparison of proposed model with experimental results at ultimate was also made existing FRP-confined model and results 
evaluated in terms of different statistical measures. According to quantitative assessment, mean of experiment/model, median, 
average absolute error (AAE), root mean squared error (RMSE), mean absolute error (MAE) parameters were found 1.09, 1.06, 
0.14, 9.12 and 6.92 for stress and 1.07, 0.98, 0.17, 0.0026 and 0.0020 for strain, respectively. When both stress and strain values 
are evaluated together, proposed model provided good accuracy considering the statistical measures compared to existing models. 

• Moment and curvature response of FRP-confined members are also evaluated. According to results, AAE, RMSE and MAE pa-
rameters were found 0.04, 15.98 and 12.39 for moment capacity and 0.34, 0.05 and 0.04 for curvature, respectively. Comparison of 
calculated statistical measures indicated proposed models are very close and comparable to the other models of Ilki and Lam and 
Teng models.  

• Based on the results of both analytical and experiments for both stress-strain and moment-curvature relations, proposed model with 
low error and variation, found accurate and comparable to existing models. Furthermore, proposed model can be assumed as 
efficient considering the practicality of proposed model which reduces time and computational efforts. 
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Appendix A. The information regarding experiments used in this study for the comparison and validation  

Specimen b (mm) h (mm) h/b fʹc (MPa) rc (mm) fʹju (MPa) tj (mm) kε 

S–C2-0 [18] 279 279 1.00 15.20 19 1120 2 0.59 
S1R15 [19] 150 150 1.00 33.70 15 4519 0.17 0.59 
S1R25 [19] 150 150 1.00 33.70 25 4519 0.17 0.59 
S2R15 [19] 150 150 1.00 33.70 15 4519 0.33 0.59 
S2R25 [19] 150 150 1.00 33.70 25 4519 0.33 0.59 
S3R15 [19] 150 150 1.00 24.00 15 4519 0.5 0.59 
S3R25 [19] 150 150 1.00 24.00 25 4519 0.5 0.59 
R4R15 [19] 150 225 1.50 41.50 15 4519 0.66 0.59 
R4R25 [19] 150 225 1.50 41.50 25 4519 0.66 0.59 
R3b [22] 150 300 2.00 34.00 40 3430 0.5 0.59 
S5–C5 [41] 152 152 1.00 43.90 5 1265 1.5 0.58 
S25–C4 [41] 152 152 1.00 43.90 25 1265 1.2 0.58 
R25-C3 [41] 152 203 1.34 42.00 25 1265 0.9 0.58 
R38-C3 [41] 152 203 1.34 42.00 38 1265 0.9 0.58 
R5-C5 [41] 152 203 1.34 43.90 5 1265 1.5 0.58 
R25-C4 [41] 152 203 1.34 43.90 25 1265 1.2 0.58 
R2-30 [42] 94 118 1.26 29.50 10 3550 0.17 0.8 
ScL5m [43] 200 200 1.00 33.04 30 3720 0.59 0.59 
s-r50 [44] 150 150 1.00 26.72 50 939 1.2 0.92 
s-r50 [44] 150 150 1.00 28.26 50 939 1.2 0.92 
R4Lr45 [45] 290 435 1.50 28.90 45 3993 1.34 0.59 
R2Lr25 [45] 290 435 1.50 35.20 25 3993 0.67 0.59 
R4Lr65 [45] 290 435 1.50 28.90 65 3993 1.34 0.59 
P-1-20-3-A [46] 300 300 1.00 23.54 20 4161 0.39 0.59 
P-1.5-40-2-A [46] 250 375 1.50 22.03 40 4161 0.26 0.59 
P-1.5-20-2-A [46] 250 375 1.50 23.53 20 4161 0.26 0.59 
F1 [47,48] 458 458 1.00 22.70 45 580 6 0.58* 
F2 [47,48] 458 458 1.00 24.80 45 580 4 0.58* 

* Assumed during analysis. 
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[32] G. Yavuz, Lif takviyeli polimerlerin betonarme kirişlerde donatı olarak kullanımı, E-journal new world sci. Acad, Eng. Sci. 6 (2011) 1001–1015. http://ridum. 

umanizales.edu.co:8080/jspui/bitstream/6789/377/4/Muñoz_Zapata_Adriana_Patricia_Artículo_2011.pdf. 
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