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Using the data samples collected in the energy range from 3.773 to 4.600 GeV with the BESIII detector
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eþe− → KþK−KþK−π0, pp̄πþπ−ðπ0Þ are the first measurements. Cross sections for the other five
channels are much more precise than previous results in this energy region. We also search for charmonium
and charmonium-like resonances, such as the Yð4230Þ, decaying into the same final states. We find
evidence of the ψð4040Þ decaying to πþπ−πþπ−π0 with a statistical significance of 3.6σ. Upper limits are
provided for other decays since no clear signals are observed.

DOI: 10.1103/PhysRevD.104.112009

I. INTRODUCTION

The energy region above open-charm threshold provides
a place to test and develop quantum chromodynamics
(QCD). In the past decade, a series of charmonium-like
states [1] were observed, such as the Yð4260Þ state
discovered by the BABAR collaboration through the
initial-state radiation (ISR) process γISRπ

þπ−J=ψ [2],
and confirmed by CLEO [3], Belle [4] and BESIII [5] in
the same process. A recent precise measurement of eþe− →
πþπ−J=ψ [6] shows that the Yð4260Þ consists of two
resonances; the narrower resonance at lower mass is called
Yð4230Þ. The Yð4230Þ has also been reported by BESIII in
the study of the eþe− → ωχc0 [7], πþπ−hc [8], and
πþD0D�− [9] cross sections.
Contrary to the conventional charmonium states, the

Yð4230Þ strongly couples to ππJ=ψ [6,9]. This is also true
for other Y states, e.g. Yð4360Þ and Yð4660Þ. The discov-
eries of those exotic particles have prompted further
investigations of the center-of-mass (c.m.) energy-
dependent cross sections [10]. To explore the nature of
these exotic particles, a variety of decay modes have
been studied, such as open-charm processes [Dð�ÞD̄ð�Þ

[11–14], Dð�ÞD̄ð�Þπ [13,15], DD2
�ð2460Þ [16] and

Dð�Þþ
s Dð�Þ−

s [13,17]], and transitions to other charmonium
states [πþπ−J=ψ [18], π0π0J=ψ [19], ηJ=ψ [20], πþπ−hc
[21], πþπ−ψð3686) [22] and ωχc0 [23]]. Many light hadron
final states (KþK−πþπ− [24,25], KþK−KþK− [24–26],
πþπ−πþπ− [24], ϕf0ð980Þ [27], KþK−η [28], KþK−π0

[28], K0
sK�π∓ [28], pp̄ [29], etc.) have also been studied.

However, no light hadronic decays of the Y states or
conventional charmonium resonances above 4 GeV have
yet been observed [24–29]. The continued search for light
hadron decays may help clarify the nature of exotic states
and charmonium resonances [30,31].
To study charmonium and charmonium-like particles,

the BESIII detector has collected the world’s largest data
samples in the energy region between 3.773 and
4.600 GeV. Based on those datasets, we analyze the dressed
cross sections for the processes eþe− → KþK−πþπ−ðπ0Þ,
KþK−KþK−ðπ0Þ, πþπ−πþπ−ðπ0Þ, and pp̄πþπ−ðπ0Þ and
search for possible structures, such as charmonium or Y
states, in the line shapes of the eþe− cross sections.
This paper is organized as follows. In Sec. II, we describe

the BESIII detector. The data and Monte Carlo (MC)
samples are introduced in Sec. III. In Sec. IVA, we describe
the requirements for the selection of signal events. In

Sec. IV B, we present the measurement of the number of
background events. The determination of ϵ0 and κ are
described in Secs. IV C and IV D, respectively. Section V
discusses systematics uncertainties and a summary is
presented in Sec. VI.

II. DETECTOR

The BESIII detector is a magnetic spectrometer [32]
located at the Beijing Electron Positron Collider (BEPCII)
[33]. The cylindrical core of the BESIII detector consists of
a helium-based multilayer drift chamber, a plastic scintil-
lator time-of-flight system (TOF), and a CsI(Tl) electro-
magnetic calorimeter (EMC), which are all enclosed in a
superconducting solenoidal magnet providing a 1.0 T
magnetic field. The solenoid is supported by an octagonal
flux-return yoke with resistive plate counter muon identifier
modules interleaved with steel. The acceptance of charged
particles and photons is 93% over 4π solid angle. The
charged-particle momentum resolution at 1 GeV=c is
0.5%, and the dE=dx resolution is 6% for the electrons
from Bhabha scattering. The EMC measures photon
energies with a resolution of 2.5% (5%) at 1 GeV in the
barrel (end cap) region. The time resolution of the TOF
barrel part is 68 ps, while that of the end cap part is 110 ps.
The end cap TOF system was upgraded in 2015 with
multigap resistive plate chamber technology, providing a
time resolution of 60 ps [34]. This improvement affects
57% of the data used in this work.

III. DATA AND MONTE CARLO SAMPLES

In this work, we analyzed the datasets taken at c.m.
energies from 3.773 to 4.600 GeV. Measurements of c.m.
energies and luminosities are described elsewhere [35,36].
The response of the BESIII detector is modeled with MC

simulations using the software framework BOOST [37]
based on GEANT4 [38], which includes the geometry and
material description of the BESIII detectors, the detector
response and digitization models, as well as a database that
keeps track of the running conditions and the detector
performance.
The signal MC samples at all c.m. energies are generated

with a phase space (PHSP) model. The inclusive MC
samples generated at different c.m. energies are used to
study the potential backgrounds. The inclusive MC samples
consist of the production of open charm processes, the ISR
production of vector charmonium states, and the continuum
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processes incorporated in KKMC [39]. The known decay
modes are modeled with EVTGEN [40] using branching
fractions taken from the Particle Data Group (PDG) [41],
the remaining unknown decays from the charmonium states
with LUNDCHARM [42], and the cross sections for the open
charm final states are cited from [43–47]. The final-state
radiation (FSR) from charged final state particles are
incorporated with the PHOTOS package [48]. As described
in Sec. IV B, some “peaking backgrounds” could pass our
selection requirements. MC samples for those processes are
generated for the study of distributions and misidentifica-
tion rates.

IV. MEASUREMENTS OF CROSS SECTIONS

For a given c.m. energy Ecm, the dressed cross
sections for eþe− → KþK−πþπ−ðπ0Þ, KþK−KþK−ðπ0Þ,
πþπ−πþπ−ðπ0Þ, and pp̄πþπ−ðπ0Þ are given by

σ ¼ Nobs − Nbkg

Lϵ0κ
; ð1Þ

where Nobs is the number of candidate signal events
observed in the data sample, Nbkg is the number of
background events, L is the integrated luminosity of the
data collected at Ecm, ϵ0 is the reconstruction efficiency
without considering ISR, and κ is the correction factor
describing the effect of ISR [49].

A. Selection of signal events

For each channel, all final state particles are recon-
structed. To ensure each track originates from the eþe−
collision point, the tracks must satisfy Vr < 1.0 cm and
jVzj < 10.0 cm. Here Vr is the distance between the
charged track and the beam axis in the r-φ plane, and
jVzj is the coordinate of the charged particle production
point along the beam axis. The polar angles of charged
tracks are required to satisfy j cos θj < 0.93. Exactly four
good tracks satisfying these criteria are required.
For the final states with a π0, we reconstruct π0

candidates through π0 → γγ. Showers must have energy
greater than 25 MeV in the barrel region (j cos θj < 0.80) of
the EMC and greater than 50 MeV in the end caps
(0.86 < j cos θj < 0.92). Showers must have timing within
700 ns of the event start time. For KþK−πþπ− and
KþK−πþπ−π0 final states, we apply particle identification
based on dE=dx and TOF measurements to reduce multiple
combinations of particle hypotheses within candidate
events. We require the kaon candidates have a higher
probability to be kaons than pions. Only pion and kaon
hypotheses are compared because these are the most
serious sources of misidentification.
A kinematic fit is applied to candidate events. For

signal channels without (with) a π0, we perform a four-
constraint (five-constraint) kinematic fit to the known initial

four-momentum (and π0 mass). We require that the χ2

of the kinematic fit is less than 50. If more than one
combination per mode satisfies the above selection require-
ments, only the one with the least χ2 is kept.
Background events from the two-photon processes

eþe− → eþe− þ hadrons, together with eþe− → ðγÞeþe−
are rejected using the ratio EEMC=p for each charged track,
where EEMC is the energy deposited in the EMC and p is
the momentum of the charged track. For candidate events
from the processes eþe− → KþK−πþπ−; KþK−KþK−;
πþπ−πþπ− and πþπ−πþπ−π0, it is required that each track
have an EEMC=p less than 0.8. The gamma conversion
backgrounds are rejected by applying cuts to θπþπ− , which is
the opening angle between all πþπ− pairs. For candidates
events of eþe− → KþK−πþπ−; πþπ−πþπ− and pp̄πþπ−, it
is required that cos θπþπ− < 0.9. To reduce systematic
uncertainty, the distributions of EEMC=p and cos θπþπ− from
MC samples have been corrected according to data. Here the
MC sample is the PHSP MC reweighted with the amplitude
analysis results, which will be described in Sec. IV C. The
correction factor is determined using a control sample of the
signal process. The distributions of EEMC=p and θπþπ− from
all the other channels are checked as well but no obvious
backgrounds are found.
We next check for backgrounds in two-body and three-

body invariant mass distributions within each final state.
There are obvious backgrounds from J=ψ , ψð2SÞ, χc, D
and K0

s decays. Those backgrounds are removed with the
requirements summarized in Table I.

B. Background study

Our selected candidate events include both signal events
as well as misidentified background events from
other processes. Potential background sources include
eþe− → ðγÞeþe−, eþe− → ðγÞμþμ−, eþe− → ðγÞτþτ−,

TABLE I. Summary of the cuts applied to the two-body and
three-body invariant mass distributions.

Final state Cut

eþe− → KþK−πþπ− jMπþπ− −MJ=ψ j > 15 MeV=c2

jMK�π∓ −MDj > 20 MeV=c2

eþe− → πþπ−πþπ− jMπþπ− −MJ=ψ j > 15 MeV=c2

jMπþπ− −Mψð2SÞj > 20 MeV=c2

eþe− → pp̄πþπ− jMpp̄ −MJ=ψ j > 15 MeV=c2

jMpp̄ −Mψð2SÞj > 20 MeV=c2

eþe− → KþK−πþπ−π0 jMKþK− −Mχc0 j > 50 MeV=c2

jMK�π∓ −MDj > 20 MeV=c2

jMπþπ− −MK0
s
j > 30 MeV=c2

eþe− → πþπ−πþπ−π0 jMπþπ− −MJ=ψ j > 15 MeV=c2

jMπþπ− −Mχc0 j > 50 MeV=c2

jMπþπ− −MK0
s
j > 30 MeV=c2

jMπþπ−π0 −MJ=ψ j > 15 MeV=c2
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eþe− → hadrons. To study such backgrounds, we analyzed
the inclusive MC generated at 4.226 GeV using the same
selection requirements for data. Such studies show that there
are two types of background. The first is from D and J=ψ
decays, where the final states are the same as the signal
channel. For example, eþe− → D0D̄0; D0 → K−πþ; D̄0 →
Kþπ− is background process for eþe− → KþK−πþπ−.
Although we have applied requirements to veto that back-
ground, there are still residual events left. The distributions of
the χ2 from the kinematic fit are almost the same as those for
the signal events; we call this the “peaking background.”The
second type of background is from processes where the final
states are different from the signal channel. In this case, the χ2

distributions of these processes are also different than signal;

we refer to this background as “nonpeaking background.”
To estimate the number of nonpeaking background events, a
fit is performed to the χ2 from the kinematic fit.
Figure 1 shows the fit to the χ2 at 4.226 GeV. The signal

shape is from signal MC simulation. The distribution of
peaking background is from peaking background MC, the
number of which is fixed according to previously measured
cross sections [50,51] and reconstruction efficiency deter-
mined with MC simulation. The contamination rates from
peaking backgrounds are less than 0.8% for all signal final
states. The shape of the nonpeaking background is obtained
from inclusive background MC samples, and the number of
nonpeaking background is allowed to float. From this fit,
the number of nonpeaking background events in the signal
region (χ2 < 50) is obtained.

C. Reconstruction efficiency

In the two-body and three-body invariant mass distribu-
tions, there are many intermediate states, such as ρ, ω,
ϕ; η; a; b; f; K�; N;Λ;Δ. Final states with these various
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FIG. 1. The fit to the χ2 from the kinematic fit for (a) eþe− →
KþK−πþπ−, (b) eþe− → KþK−KþK−, (c) eþe− → πþπ−πþπ−,
(d) eþe− → pp̄πþπ−, (e) eþe− → KþK−πþπ−π0, (f) eþe− →
KþK−KþK−π0, (g) eþe− → πþπ−πþπ−π0, and (h) eþe− →
pp̄πþπ−π0 at 4.226 GeV. To evaluate the goodness of those fits,
we check the χ2=ndf of those plots,which are 1.75, 1.16, 1.54, 1.18,
1.59, 1.03, 1.36, and 1.50, respectively. The number of background
in χ2 signal region,whichwould be subtractedwhen calculating the
cross section, is obtained from this fit. The blue dashed line shows
the distribution from signalMC. The pink dash-dotted lines and red
dotted lines show the distribution from peaking and nonpeaking
backgrounds, respectively. The green dashed line shows the signal
region.
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FIG. 2. The distribution of ϵðxÞ=ϵ0 for (a) eþe− →
KþK−πþπ−, (b) eþe− → KþK−KþK−, (c) eþe− →
πþπ−πþπ−, (d) eþe− → pp̄πþπ−, (e) eþe− → KþK−πþπ−π0,
(f) eþe− → KþK−KþK−π0, (g) eþe− → πþπ−πþπ−π0 and
(h) eþe− → pp̄πþπ−π0 at 4.226 GeV. Points with error bars
show the ϵðxÞ=ϵ0 determined using signal MC. The red lines
show the fit to the distributions. To evaluate the goodness of those
fits, we check the χ2=ndf of those plots, which are 0.67, 1.13,
1.13, 1.30, 0.64, 1.00, 0.60, and 1.56, respectively.
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resonant intermediate states are also signal processes. To
determine the reconstruction efficiency more accurately, we
need to consider the relative contributions from those
processes. Using the AMPTOOLS [52,53] package, ampli-
tude analyses are performed to some of the large data
samples (at 3.773, 4.008, 4.226, 4.258, 4.358, 4.416 and
4.600 GeV), together with MC samples generated at the
same energy points. Relative amplitudes of different
intermediate states yielding each final state are determined
from these analyses. We use the ratios obtained from

4.226 GeV in the determination of reconstruction efficien-
cies for all the energy points. Differences in these amplitude
ratios are considered as a source of systematic error, based
on possible small variations from other datasets with large
statistics.
Weights are assigned to PHSP signal MC event by event

according to ratios of squared amplitudes. Applying the
same selection requirements as used in data analysis, the
MC efficiencies ϵ0 are determined from signal MC samples
without ISR.

TABLE II. Summary of the c.m. energies and luminosities of datasets, together with the dressed cross sections for
eþe− → KþK−πþπ−ðπ0Þ, KþK−KþK−ðπ0Þ, πþπ−πþπ−ðπ0Þ, pp̄πþπ−ðπ0Þ in the energy region between 3.773 and 4.600 GeV. Errors
are statistical only.

σ (pb)

Ecm (GeV) L (pb−1) KþK−πþπ− KþK−KþK− πþπ−πþπ− pp̄πþπ− KþK−πþπ−π0 KþK−KþK−π0 πþπ−πþπ−π0 pp̄πþπ−π0

3.773 2931.8 122.2� 0.4 21.4� 0.2 172.0� 0.4 38.9� 0.2 191.2� 0.6 7.2� 0.2 77.0� 0.4 59.6� 0.3
3.808 50.5 120.2� 3.1 19.9� 1.6 173.0� 3.3 37.0� 1.4 185.5� 4.5 6.5� 1.4 80.0� 3.1 57.2� 2.5
3.867 108.9 104.5� 2.0 18.0� 1.0 155.4� 2.1 34.9� 0.9 166.5� 2.9 7.8� 1.0 70.4� 2.0 55.6� 1.6
3.871 110.3 104.3� 2.0 16.3� 0.9 150.3� 2.1 34.3� 0.9 165.4� 2.9 7.4� 1.0 71.1� 2.0 55.3� 1.6
3.896 52.6 104.8� 2.8 19.0� 1.5 147.3� 3.0 33.2� 1.3 165.4� 4.2 6.5� 1.3 64.1� 2.7 52.3� 2.3
4.008 482.0 85.2� 0.8 15.4� 0.5 119.8� 0.9 26.1� 0.4 144.0� 1.3 6.6� 0.4 62.4� 0.9 48.7� 0.7
4.085 52.9 72.1� 2.3 13.2� 1.2 104.6� 2.6 21.9� 1.0 132.8� 3.7 3.8� 1.3 56.3� 2.5 42.9� 2.1
4.129 393.4 67.6� 0.8 12.5� 0.5 99.5� 0.9 21.8� 0.4 119.4� 1.3 5.9� 0.5 48.4� 0.8 41.2� 0.7
4.158 406.9 66.5� 0.7 13.0� 0.5 94.8� 0.9 20.8� 0.4 115.1� 1.2 6.6� 0.5 45.7� 0.8 40.2� 0.7
4.178 3194.5 66.1� 0.3 12.6� 0.1 91.2� 0.3 20.3� 0.1 116.8� 0.5 5.9� 0.2 44.8� 0.3 40.3� 0.3
4.189 43.3 65.0� 2.4 12.6� 1.3 93.3� 2.7 21.6� 1.1 111.0� 3.7 5.0� 1.5 44.5� 2.5 37.5� 2.1
4.189 524.6 66.0� 0.7 11.5� 0.3 92.2� 0.7 19.9� 0.3 112.1� 1.1 5.7� 0.4 43.8� 0.7 39.6� 0.6
4.199 526.0 62.6� 0.7 11.8� 0.3 87.5� 0.7 19.4� 0.3 113.8� 1.1 5.7� 0.4 43.1� 0.7 39.1� 0.6
4.208 55.0 60.9� 2.1 11.1� 1.0 93.4� 2.3 19.8� 1.0 115.9� 3.4 4.9� 1.2 44.8� 2.2 40.9� 1.9
4.209 518.0 63.4� 0.7 12.2� 0.3 85.3� 0.7 19.6� 0.3 108.9� 1.1 5.3� 0.4 41.8� 0.7 38.7� 0.6
4.217 54.6 62.6� 2.1 11.4� 1.0 85.0� 2.2 20.8� 1.0 112.6� 3.3 5.6� 1.2 44.4� 2.2 38.4� 1.9
4.219 514.6 60.8� 0.7 12.1� 0.3 88.8� 0.7 18.8� 0.3 109.3� 1.1 5.1� 0.4 41.1� 0.7 36.7� 0.6
4.226 44.5 65.0� 2.4 13.5� 1.3 85.6� 2.4 18.4� 1.0 114.3� 3.7 5.6� 1.3 43.1� 2.4 40.4� 2.1
4.226 1056.4 62.4� 0.5 11.9� 0.2 88.1� 0.5 18.2� 0.2 109.9� 0.7 5.0� 0.3 42.8� 0.5 38.2� 0.4
4.236 530.3 59.6� 0.6 11.8� 0.3 86.1� 0.7 19.4� 0.3 109.1� 1.1 5.5� 0.4 41.4� 0.7 38.2� 0.6
4.242 55.9 59.8� 2.0 10.7� 1.0 84.2� 2.2 17.4� 0.9 104.9� 3.2 4.7� 1.1 41.0� 2.1 37.3� 1.8
4.244 538.1 59.1� 0.6 11.8� 0.3 82.6� 0.7 18.9� 0.3 106.0� 1.0 5.2� 0.4 41.5� 0.7 36.7� 0.6
4.258 828.4 58.6� 0.5 11.3� 0.2 83.1� 0.5 18.0� 0.2 105.9� 0.8 4.7� 0.3 40.8� 0.5 38.3� 0.5
4.267 531.1 55.1� 0.6 11.1� 0.3 81.6� 0.7 18.0� 0.3 104.1� 1.0 4.6� 0.4 39.7� 0.6 36.7� 0.6
4.278 175.7 55.4� 1.1 11.2� 0.6 80.2� 1.3 16.8� 0.5 102.0� 1.8 3.9� 0.6 38.3� 1.1 35.6� 1.0
4.288 491.5 55.1� 0.6 10.5� 0.3 77.1� 0.7 17.3� 0.3 99.1� 1.0 6.0� 0.4 37.9� 0.7 34.7� 0.6
4.308 45.1 53.3� 2.1 10.9� 1.2 77.3� 2.3 17.1� 1.0 95.1� 3.3 3.5� 1.2 38.0� 2.3 33.8� 1.9
4.312 492.1 53.0� 0.6 10.2� 0.3 74.4� 0.7 16.8� 0.3 95.3� 1.0 5.4� 0.4 37.7� 0.6 34.9� 0.6
4.338 501.1 50.6� 0.6 9.8� 0.3 72.7� 0.6 15.9� 0.3 94.4� 1.0 5.2� 0.4 38.3� 0.6 34.2� 0.6
4.358 543.9 50.8� 0.6 10.0� 0.3 71.2� 0.6 15.0� 0.3 92.8� 0.9 4.6� 0.4 36.7� 0.6 32.9� 0.5
4.378 522.8 46.7� 0.6 9.8� 0.3 70.1� 0.6 14.8� 0.3 90.2� 0.9 5.0� 0.4 36.4� 0.6 33.6� 0.6
4.387 55.6 46.7� 1.8 10.2� 0.9 67.8� 2.0 14.5� 0.8 93.5� 3.0 4.4� 1.1 37.0� 2.0 33.4� 1.7
4.397 505.0 46.2� 0.6 9.2� 0.3 67.1� 0.6 14.4� 0.3 90.0� 1.0 5.2� 0.4 34.8� 0.6 30.8� 0.6
4.416 46.8 48.0� 2.0 9.8� 1.0 66.5� 2.1 13.1� 0.8 87.4� 3.1 4.7� 1.2 34.7� 2.1 32.6� 1.8
4.416 1043.9 46.6� 0.4 8.8� 0.2 63.4� 0.4 14.3� 0.2 87.8� 0.7 4.4� 0.2 33.0� 0.4 32.3� 0.4
4.437 568.1 46.0� 0.5 9.3� 0.2 64.1� 0.6 14.2� 0.2 86.0� 0.9 5.0� 0.3 32.0� 0.6 31.1� 0.5
4.467 111.1 41.5� 1.1 8.5� 0.6 60.3� 1.4 13.4� 0.5 83.5� 2.0 4.1� 0.7 31.1� 1.2 29.7� 1.1
4.527 112.1 41.7� 1.1 7.2� 0.6 55.7� 1.3 12.9� 0.5 77.6� 1.9 3.4� 0.7 29.4� 1.2 26.3� 1.1
4.575 48.9 35.8� 1.7 6.5� 0.8 50.2� 1.8 11.3� 0.8 73.5� 2.8 3.2� 1.1 25.4� 1.8 28.7� 1.7
4.600 586.9 36.2� 0.5 7.1� 0.2 49.4� 0.5 10.9� 0.2 72.4� 0.8 3.6� 0.3 26.5� 0.5 25.8� 0.5
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D. ISR corrections

The ISR effect is considered using the factor κ, which is
defined as

κ ¼ 1

σ0ϵ0

Z
σðs0ÞϵðxÞWðx; sÞdx; ð2Þ

where s ¼ E2
cm, x is the radiative photon energy fraction,

s0 ¼ sð1 − xÞ,Wðx; sÞ is the radiator function [49] and σ0 is
the dressed cross section corresponding to x ¼ 0.
Applying the same selection requirements as those

applied to the data, ϵðxÞ is determined by analyzing signal
MC samples with ISR. The distribution of ϵðxÞ=ϵ0 for every
channel at 4.226 GeV, together with the fit to error function,
is shown in Fig. 2. Inserting ϵðxÞ into Eq. (2), we calculated
the factor κ.

E. Dressed cross section

Inserting the number of observed signal events, the
number of peaking and nonpeaking backgrounds events,
the luminosity of the data sample, the reconstruction effi-
ciency, and the radiative correction factor into Eq. (1),
we obtain the dressed cross section for eþe− →
KþK−πþπ−ðπ0Þ, KþK−KþK−ðπ0Þ, πþπ−πþπ−ðπ0Þ and
pp̄πþπ−ðπ0Þ at each energy point. These cross sections
are summarized in Table II, where the errors are statisti-
cal only.

F. Analysis of dressed cross section

A least χ2 fit is applied to those dressed cross sections.
The function to be minimized is

χ2 ¼
XN
i¼1

�
σðEcmÞ − σexpectedðEcmÞ

ΔσðEcmÞ

�
2

; ð3Þ

where σexpectedðEcmÞ is the theoretically expected dressed
cross section, σðEcmÞ is the measured value of the dressed
cross section with combined statistical and uncorrelated
systematic error ΔσðEcmÞ at the ith energy point, and N is the
number of data samples collected at different energy points.
First, we consider the expected dressed cross section of

the continuum process:

σexpectedcont ¼ jAcontj2; ð4Þ

where Acont is the amplitude of the continuum process,

Acont ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fcont
ðEcm=4.226 GeVÞn

s
; ð5Þ

and where Ecm is the c.m. energy, fcont and n are floating
parameters in the fit. Results from these fits, which only

consider the contribution from the continuum process, are
shown in Fig. 3 and listed in Table III.

1. Branching fraction of ψð4040Þ → π +π − π +π − π0

For the dressed cross section of eþe− → πþπ−πþπ−π0,
we also constructed a fit amplitude including a contribution
from ψð4040Þ decay:

σexpectedcontþψð4040Þ ¼ jAcont þ Aψð4040Þeiϕj2; ð6Þ

where ϕ is the relative phase, and Aψð4040Þ is a Breit-Wigner
for the production of the ψð4040Þ:
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FIG. 3. Fits to dressed cross sections for (a) eþe− →
KþK−πþπ−, (b) eþe− →KþK−KþK−, (c) eþe− → πþπ−πþπ−,
(d) eþe− → pp̄πþπ−, (e) eþe− → KþK−πþπ−π0, (f) eþe− →
KþK−KþK−π0, (g) eþe− → πþπ−πþπ−π0 and (h) eþe− →
pp̄πþπ−π0 only considering contribution from continuum proc-
ess. Points with error bars show the measured dressed cross
sections. The red lines show the fit results.
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Aψð4040Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12πΓee

ψð4040ÞΓ
total
ψð4040ÞBFðψð4040Þ → πþπ−πþπ−π0Þ

q

ðE2
cm −M2

ψð4040ÞÞ þ iΓtotal
ψð4040ÞMψð4040Þ

; ð7Þ

whereMψð4040Þ, Γtotal
ψð4040Þ and Γ

ee
ψð4040Þ are the mass, the total

width, and the leptonic width of the ψð4040Þ. In this fit, the
values of Γtotal

ψð4040Þ and Γee
ψð4040Þ are fixed according to the

PDG listings [41]. The fit has two solutions with equally
good fit quality, while the phases and the branching
fractions are different. The fit is shown in Fig. 4, and
the fit parameters are listed in Table IV.
Compared to the previous fit result listed in Table III, the

number of free parameters is increased by 2
[BFðψð4040Þ → πþπ−πþπ−π0Þ and ϕ] and the value of
the χ2 is reduced by 16.0, which corresponds to a statistical
significance of 3.6σ.

2. Upper limits of Yð4230Þ decays
Furthermore, we search for decays of the charmonium-

like resonance Yð4230Þ into those same final states, and

TABLE III. Summary of fit results considering only the contribution from the continuum process. The first errors
are statistical and the second systematic.

Final state χ2=ndf fcont (GeVn=pb) n

KþK−πþπ− 1.24 60.65� 0.19� 2.97 6.24� 0.07� 0.01
KþK−KþK− 0.78 11.59� 0.08� 0.57 5.36� 0.14� 0.01
πþπ−πþπ− 1.11 85.94� 0.25� 4.38 6.36� 0.06� 0.01
pp̄πþπ− 0.89 18.88� 0.08� 0.83 6.43� 0.09� 0.01
KþK−πþπ−π0 1.11 108.72� 0.25� 5.11 4.97� 0.05� 0.01
KþK−KþK−π0 1.07 5.29� 0.07� 0.33 3.08� 0.26� 0.01
πþπ−πþπ−π0 1.06 42.44� 0.21� 2.37 5.54� 0.11� 0.01
pp̄πþπ−π0 1.23 37.91� 0.12� 1.74 4.11� 0.07� 0.01
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FIG. 4. Fit to dressed cross sections for eþe− → πþπ−πþπ−π0
considering contribution from continuum process, ψð4040Þ
decay and interference between them. Points with error bars
show the measured dressed cross sections. The red curve shows
the fit result. The dashed red curve shows the contribution from
continuum process.

TABLE IV. Summary of fit results for the πþπ−πþπ−π0 final
state, including the continuum process, ψð4040Þ decay, and
interference between them. The first errors are statistical and
the second systematic.

Parameter Solution 1

χ2=ndf 0.67
fcont ð9.13� 1.67� 0.72Þ × 104 GeVn=pb
n 5.33� 0.13� 0.02
BFðψð4040Þ →
πþπ−πþπ−π0Þ

ð3.51� 1.89� 1.24Þ × 10−5

ϕ ð109.73� 14.04� 3.81Þ°

Parameter Solution 2

χ2=ndf 0.67
fcont ð9.13� 1.67� 0.72Þ × 104 GeVn=pb
n 5.33� 0.13� 0.02
BFðψð4040Þ →
πþπ−πþπ−π0Þ

ð2.41� 0.05� 0.79Þ%

ϕ ð267.70� 0.44� 9.53Þ°

TABLE V. Summary of upper limits of Yð4230Þ decays at
90% confidence level.

Final state Γee
Yð4230Þ × BFðYð4230Þ → Final stateÞðeVÞ

KþK−πþπ− < 19.7035
KþK−KþK− < 3.8400
πþπ−πþπ− < 31.9727
pp̄πþπ− < 7.2372
KþK−πþπ−π0 < 43.3625
KþK−KþK−π0 < 2.1206
πþπ−πþπ−π0 < 16.0925
pp̄πþπ−π0 < 14.8893
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corresponding upper limits are provided since no clear
signal is observed. The expected dressed cross sections are
constructed as

σexpectedcontðþψð4040ÞÞþYð4230Þ ¼jAcontðþAψð4040ÞeiϕÞþAYð4230Þeiϕ
0 j2;
ð8Þ

where ϕ and ϕ0 are the relative phases, Aψð4040Þ and AYð4230Þ
are Breit-Wigners for ψð4040Þ and Yð4230Þ, respectively.
The resulting likelihood distribution as a function of the
Yð4230Þ yield is used to get the upper limits at 90% con-
fidence level for BFðYð4230Þ → Light HadronsÞ. The inte-
gral from zero to the upper limit contains 90% of the area of
the likelihood distribution. The original likelihood distri-
butions are convolved with a Gaussian function, whose
width is the systematic uncertainty of the cross section. To
estimate the systematic uncertainties in the upper limits of
Yð4230Þ decays, we have used values of MYð4230Þ and
Γtotal
Yð4230Þ from different experimental measurements [6–9],

and the largest resulting upper limits of BFðYð4230Þ →
Light HadronsÞ are given in Table V.

V. SYSTEMATIC UNCERTAINTY

The systematic uncertainties on the cross section mea-
surements mainly come from the uncertainties in tracking,
π0 reconstruction, luminosity, fit of χ2 distribution,
EEMC=p cut, cos θπþπ− cut, and efficiency determination.
The uncertainty of the tracking efficiency is 1.0% [54]

per track. The uncertainty of π0 reconstruction is 2.0% [55].
The luminosity is measured using Bhabha events, with an
uncertainty of 1.0% [36]. To determine the systematic
uncertainty due to particle identification (PID) require-
ments, we selected control samples of KþK−πþπ− and
KþK−πþπ−π0 from data and MC. The MC sample is the
PHSP MC reweighted according to the amplitude analysis
results. The nominal PID requirements are replaced with a
tighter cut: for kaon (pion) selection, it is required the
probability to be kaon (pion) is greater than the probability
to be pion (kaon). By studying the change of efficiencies,

we determine the systematic uncertainty due to PID
requirements for KþK−πþπ− and KþK−πþπ−π0 final
states are both 0.5%.
The contamination rates from peaking backgrounds are

less than 0.8% at all energy points for all signal final states.
Those contamination rates are very low, so we neglect the
systematic uncertainty from peaking background subtrac-
tion. The estimation of nonpeaking background is from the
fit to the χ2 distribution. To estimate the uncertainty from
the fit to the χ2 distribution, we refit the χ2 distributions by
varying the bin size, the fit range, the signal shape and the
background shape. The shape of signal MC is determined
through MC simulation. In this work, for every candidate
event, we select the combination with the least χ2. But it
may be the wrong combination, and hence affect the signal
shape. So we replace the nominal signal χ2 shape with the
one from MC truth information, compare with the nominal
result, and determine the systematic uncertainty due to the
selection of the wrong combination. The helix parameters
are used to describe the tracks. To reduce the systematic
uncertainty, we corrected the helix parameters from MC
samples. We change the helix correction factors by �1σ to
determine the systematic uncertainty due to the signal
shape. The shape of nonpeaking backgrounds is determined
using inclusive MC samples. We replace the shape of the
nonpeaking backgrounds by an Argus function and refit the
χ2 distributions. The difference on the cross sections is
taken as the systematic uncertainty. By adding these values
in quadrature, we assign the uncertainty associated with the
fit, which is dominated by the background shape. The
distributions of EEMC=p and cos θπþπ− from MC sample
have been corrected according to data, which corresponds
to correction factors on the reconstruction efficiency. The
errors of the correction factors are taken as the systematic
uncertainties.
When determining the efficiencies, we applied a

AMPTOOLS analysis using data and MC samples at
4.226 GeV, and fixed the model to get efficiencies at every
energy point. To estimate the systematic uncertainty, we
repeat the process using data and MC samples at 3.773,
4.008, 4.258, 4.358, 4.416 and 4.600 GeV. The maximum

TABLE VI. Summary of systematic uncertainties of the cross sections (in units of %). The uncorrelated systematic uncertainty is
marked by *.

Source KþK−πþπ− KþK−KþK− πþπ−πþπ− pp̄πþπ− KþK−πþπ−π0 KþK−KþK−π0 πþπ−πþπ−π0 pp̄πþπ−π0

Tracking 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0
π0 reconstruction � � � � � � � � � � � � 2.0 2.0 2.0 2.0
Luminosity 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
EEMC=p < 0.8 0.1 0.1 0.1 � � � � � � � � � 0.1 � � �
cos θπþπ− < 0.9 0.1 � � � 0.3 0.2 � � � � � � � � � � � �
PID 0.5 � � � � � � � � � 0.5 � � � � � � � � �
Fit 1.2 1.5 1.0 2.5 3.0 5.0 1.5 1.8
*Efficiency 0.9 2.0 1.3 1.5 0.8 2.6 2.1 0.8
Total 4.4 4.8 4.4 5.1 5.6 7.3 5.3 5.0
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difference in efficiency is taken as the systematic uncer-
tainty. The uncertainty from the efficiency is treated as an
uncorrelated uncertainty, which is taken into consideration
in the analysis of cross sections.
The values of κ are related to input cross sections, which

are obtained from fits. We randomly change the fit
parameters according to the covariance matrix from the
fit. κ is recalculated according to different cross section
parameters. The change in κ is less than 0.025% for all
channels, so the uncertainty of κ is negligible.
The systematic uncertainties of the fit parameters, as

listed in Tables III and IV, originate from the uncertainty of
the c.m. energies, the uncertainty of cross sections, and the
uncertainty of ψð4040Þ resonance parameters. The system-
atic uncertainty originating from c.m. energies is estimated
by smearing c.m. energies with a standard deviation of
0.8 MeV [56]. Then we take the maximum difference of the
parameters as the systematic uncertainty. Similarly, the
systematic uncertainties due to cross sections and ψð4040Þ
resonance parameters are estimated by re-obtaining the fit
parameters after changing the value of the cross sections
and ψð4040Þ resonance parameters by �1σ, respectively.
Finally, we assign the total systematic uncertainty by
adding these values in quadrature.

VI. SUMMARY

The dressed cross sections for the processes eþe− →
KþK−πþπ−ðπ0Þ, KþK−KþK−ðπ0Þ, πþπ−πþπ−ðπ0Þ,
pp̄πþπ−ðπ0Þ are obtained with data samples collected at
40 energy points from 3.773 to 4.600 GeV. Those cross
sections depend on c.m. energy according to 1=En

cm and we
determine n for each process. We find evidence of the
ψð4040Þ decays to πþπ−πþπ−π0 with a statistical signifi-
cance of 3.6σ. No obvious Yð4230Þ signals are observed, so

we provide upper limits for Yð4230Þ decays into those final
states at the 90% confidence level.
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