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Using a sample of ð448.1� 2.9Þ × 106 ψð3686Þ events collected with the BESIII detector, we perform
the first partial wave analysis of ψð3686Þ → KþK−η. In addition to the well established states, ϕð1020Þ,
ϕð1680Þ, and K�

3ð1780Þ, contributions from Xð1750Þ, ρð2150Þ, ρ3ð2250Þ, and K�
2ð1980Þ are also observed.

The Xð1750Þ state is determined to be a 1−− resonance. The simultaneous observation of the ϕð1680Þ and
Xð1750Þ indicates that the Xð1750Þ, with previous observations in photoproduction, is distinct from the
ϕð1680Þ. The masses, widths, branching fractions of ψð3686Þ → KþK−η, and the intermediate resonances
are also measured.

DOI: 10.1103/PhysRevD.101.032008

I. INTRODUCTION

Within the framework of the relativistic quark model [1], a spectrum similar to that of a heavy quarkonia is expected for
the strangeonium (ss̄) sector [2]. A comprehensive study of the strangeonium spectrum is useful to test the theoretical
models and also in the search for light exotica (resonances that are not dominantly qq̄ states, often with nonexotic quantum
numbers). Strangeonia have been studied in different experiments, such as the study of the initial-state radiation [3–7], J=ψ
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and ψð3686Þ decays [8–11], and photoproduction data
[12–15]. However, the strangeonium spectrum is much less
well understood, and only a few states have been established.
Given the unsatisfactory knowledge of strangeonium states,
a search for missing states predicted by the relativistic quark
model is necessary to improve the knowledge of the
strangeonium spectrum. As proposed in Ref. [16], the
available high statistics data collected by the BESIII experi-
ment offer excellent opportunities to explore the strangeo-
nium spectrum through J=ψ and ψð3686Þ decays.
Using 1.06 × 108 ψð3686Þ events collected in 2009,

BESIII reported a study of ψð3686Þ → KþK−π0 and
ψð3686Þ → KþK−η [9]. Two structures are evident in
the KþK− mass spectrum in ψð3686Þ → KþK−η, and
further study of these structures with larger data samples
is needed. The BESIII experiment has collected a sample of
ð448.1� 2.9Þ × 106 ψð3686Þ events [17], about 4 times
larger than the sample used in Ref. [9], which enables
such a reexamination. In addition, the larger statistics also
allows for a study of the K� states in the K�η mass
spectrum. In this paper, we present a partial wave analysis
(PWA) of ψð3686Þ → KþK−η, which investigates the
intermediate states in both mass spectra.

II. BESIII DETECTOR AND MONTE CARLO
SIMULATION

The BESIII detector is a magnetic spectrometer [18]
located at the Beijing Electron Positron Collider (BEPCII)
[19]. The cylindrical core of the BESIII detector consists of
a helium-based multilayer drift chamber (MDC), a plastic
scintillator time-of-flight system (TOF), and a CsI(Tl)
electromagnetic calorimeter (EMC), which are all enclosed
in a superconducting solenoidal magnet providing a 1.0 T
magnetic field. The solenoid is supported by an octagonal
flux-return yoke with resistive plate counter muon identifier
modules interleaved with steel. The acceptance of charged
particles and photons is 93% over a 4π solid angle. The
charged-particle momentum resolution at 1 GeV=c is
0.5%, and the dE=dx resolution is 6% for the electrons
from Bhabha scattering. The EMC measures photon
energies with a resolution of 2.5% (5%) at 1 GeV in the
barrel (end cap) region. The time resolution of the TOF
barrel part is 68 ps, while that of the end cap part is 110 ps.
Simulated samples produced with the GEANT4-based [20]

Monte Carlo (MC) package, which includes the geometric
description of the BESIII detector and the detector
response, are used to determine the detection efficiency
and to estimate the backgrounds. The simulation includes
the beam energy spread and initial state radiation (ISR)
in the eþe− annihilations modeled with the generator KKMC

[21]. The inclusive MC sample consists of the production
of the J=ψ resonance, and the continuum processes
incorporated in KKMC [21]. The known decay modes are
modeled with EVTGEN [22] using branching fractions taken

from the Particle Data Group [23], and the remaining
unknown decays from the charmonium states with
LUNDCHARM [24]. Final state radiation (FSR) from
charged final-state particles is incorporated with the
PHOTOS package [25].

III. EVENT SELECTION

Candidate events for ψð3686Þ → KþK−η; η → γγ are
required to have two charged tracks with opposite charge
and at least two photons. Charged tracks in the polar
angle (θ) range j cos θj < 0.93 are reconstructed using
hits in the MDC. Charged tracks are required to pass
within �10 cm of the interaction point (IP) in the
direction parallel to the beam and within 1 cm of the
IP in the plane perpendicular to the beam. The combined
information from the energy loss (dE=dx) measured in
the MDC and the flight time in the TOF is used to form
particle identification (PID) confidence levels for the π,
K and p hypotheses. A charged track is identified as a
kaon if its PID confidence level for the kaon hypothesis
is larger than that for the pion and proton hypotheses.
Both charged tracks for candidate events are required to
be identified as kaons. Photon candidates are required to
have an energy deposit in the EMC of at least 25 MeV in
the barrel (j cos θj < 0.80) or 50 MeV in the end caps
(0.86 < j cos θj < 0.92). To eliminate showers from
charged particles, photon candidates must have an open-
ing angle of at least 10° from all charged tracks. To
suppress electronic noise and showers unrelated to the
event, the EMC time difference from the event start time
is required to be within [0, 700] ns.
A four-constraint (4C) kinematic fit is performed under

the KþK−γγ hypothesis, where the total measured four
momentum is constrained to the four momentum of the
initial eþe− system. For events with more than two photon
candidates, the combination with the smallest χ2 is retained.
To reject possible background contributions with more or
fewer photons, the 4C kinematic fits are also performed
under the hypotheses KþK−γ and KþK−γγγ. Only events
for which the χ2 value for the signal hypothesis is less than
30 and also less than the χ2 values for the background
hypotheses are retained.
The γγ invariant mass distribution for events that survive

the selection criteria is shown in Fig. 1(a), where a clear η
peak is observed. The KþK− mass spectrum is displayed
in Fig. 1(b) after requiring jMðγγÞ −mηj < 0.02 GeV=c2,
where mη is the world average mass of the η meson [23].
The two narrow, significant peaks correspond to the
ϕð1020Þ and J=ψ , respectively, that come from decays
of ψð3686Þ → ϕη and ψð3686Þ → J=ψη with the resonan-
ces then decaying to KþK−. The ϕð1020Þ and J=ψ are very
well established, and the region between mϕð1020Þ and mJ=ψ

is more interesting. In this analysis, only the events in the
region 1.20 < MðKþK−Þ < 3.05 GeV=c2 are used.
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To investigate possible background contributions, the
same analysis is also performed on an inclusive MC sample
of 5.06 × 108 ψð3686Þ events. The dominant non-η back-
ground events come from ψð3686Þ → γχcJðJ ¼ 0; 1; 2Þ,
χcJ → KþK−π0 with a missing photon. We then investigate
the invariant mass of the combination of KþK− together
with the most energetic photon. The χcJ peaks are clearly
evident, as indicated in Fig. 1(c), where the black markers
and grey histograms are data from the η signal region
and sidebands, respectively. Unlike the χc0;1 peaks, the χc2
background peak cannot be well estimated with the η mass
sidebands (0.478 < MðγγÞ < 0.498 GeV=c2 or 0.598<
MðγγÞ<0.618GeV=c2). Therefore, the candidate events
in the χc2 mass region of 3.54<MðγmaxKKÞ<3.58GeV=c2

are rejected.
After the above requirements, a sample of 1787

ψð3686Þ → KþK−η candidates remains. The Dalitz plot
for these events, displayed in Fig. 2, shows some structures
in the distribution. Structures are also obvious in the KþK−

mass spectrum shown in Fig. 3(a), but not in the Kþη and
K−η mass spectra shown in Fig. 3(b) and Fig. 3(c). Using

the η mass sidebands, the number of background events is
estimated to be 257, as shown by the shaded histograms
in Figs. 3(a), (b), and (c), and no evident structures are
observed in these background KþK− and K�η mass
spectra.
To investigate possible backgrounds from QED proc-

esses, which are produced directly in eþe− annihilation
rather than in ψð3686Þ decays, a study is made using a data
sample taken at

ffiffiffi
s

p ¼ 3.773 GeV, with an integrated
luminosity of 2.92 fb−1 [26]. After normalizing according
to integrated luminosities and the 1=s dependence of the
cross sections, the background contribution from QED
processes is estimated to be 27.5� 3.1 events. Due to the
low statistics, this contribution is only considered in the
systematic uncertainty due to background contributions.

IV. PARTIAL WAVE ANALYSIS

A. Analysis method

In the PWA, the decay amplitudes in the sequential decay
process ψð3686Þ→Xη, X→KþK− and ψð3686Þ→X∓K�,
X∓ → K∓η are constructed using the covariant tensor
formalism described in Ref. [27]. The general form for
the decay amplitude is

A ¼ ψμðmÞAμ ¼ ψμðmÞ
X
i

ΛiU
μ
i ; ð1Þ

where ψμðmÞ is the polarization vector of the ψð3686Þ and
m is the spin projection of ψð3686Þ; Uμ

i is the partial wave
amplitude with coupling strength determined by a complex
parameter Λi. The partial wave amplitudes Ui used in the
analysis are constructed with the four momenta of daughter
particles according to the expressions given in Ref. [27].
In this analysis, each intermediate resonance is described

by a relativistic Breit-Wigner function with an invariant-
mass dependent width [28],
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FIG. 1. (a) The γγ invariant mass spectrum for the data. The red arrows show the η signal region, while the blue arrows with solid
arrowheads show the η sidebands. (b) The global KþK− invariant mass distribution for the data. Arrows show the requirement used to
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BWðsÞ ¼ 1

m2 − s − i
ffiffiffi
s

p
ΓðsÞ ; ð2Þ

ΓðsÞ ¼ Γ0ðm2Þ
�
m2

s

��
pðsÞ
pðm2Þ

�
2lþ1

; ð3Þ

where s is the invariant mass squared of the daughter
particles, m and Γ0 are the mass and width of the
intermediate resonance, respectively, l is the orbital angular
momentum for a daughter particle, and pðsÞ or pðm2Þ is the
momentum of a daughter particle in the rest frame of the
resonance with mass

ffiffiffi
s

p
or m.

The probability to observe the ith event characterized
by the measurement ξi, i.e., the measured four momenta of
the particles in the final state, is

PðξiÞ ¼
ωðξiÞεðξiÞR
dΦωðξÞεðξÞ ; ð4Þ

where ωðξiÞ≡ ðdσdΦÞi is the differential cross section, εðξiÞ is
the detection efficiency, dΦ is the standard element of
phase space for three-body decays, and

R
dΦωðξÞεðξÞ ¼ σ0

is the measured total cross section. The differential cross
section is given by [27]

ω ¼ dσ
dΦ

¼ 1

2

X2
μ¼1

AμA�μ; ð5Þ

where Aμ is the total amplitude for all possible resonances,
and μ ¼ 1; 2 labels the transverse polarization directions.
Longitudinal polarization is absent since with highly
relativistic beams eþe− annihilation produces ψð3686Þ
with spin projection Jz ¼ �1 relative to the beam.
The likelihood for the data sample is

L ¼
YN
i¼1

PðξiÞ ¼
YN
i¼1

ωðξiÞεðξiÞ
σ0

: ð6Þ

Technically, it is more straightforward to minimize
negative log-likelihood (NLL), S ¼ − lnL, instead of
maximizing L, with

S ¼ − lnL ¼ −
XN
i

ln

�
ωðξiÞ
σ0

�
−
XN
i

ln εðξiÞ: ð7Þ

In Eq. (7), the second term is a constant and has no impact
on the determination of the amplitude parameters or on the
relative changes in S. In the fit, − lnL is defined as

− lnL ¼ −
XN
i

ln

�
ωðξiÞ
σ0

�
¼ −

XN
i

lnωðξiÞ þ N ln σ0:

ð8Þ

The complex couplings, i.e., the relative magnitudes and
phases, of amplitudes are determined through an unbinned
maximum likelihood fit. The resonance parameters are
optimized by a scan method. We perform many independent
fits with varying initial values but with a specific value of the
resonance parameter under study until a stable minimum
negative log-likelihood (MNLL) value is obtained. We then
scan, performing a series of such MNLL searches with
various values for the resonance parameter; the resonance
parameter value with the minimum MNLL is taken as our
nominal value. For each pair of charge conjugate processes
and resonances, the two partners use the same complex
coupling and resonance parameters.
The free parameters in the likelihood function are

optimized using MINUIT [29]. The measured total cross
section σ0 is evaluated using a dedicated MC sample
consisting of Ngen events uniformly distributed in phase
space. These events are subjected to the selection criteria
described in Sec. III and yield a sample of Nacc accepted
events. The normalization integral is then computed as

Z
dΦωðξÞεðξÞ ¼ σ0 →

1

Ngen

XNacc

k

ωðξkÞ: ð9Þ

The background contribution in the fit is estimated
using the η sideband data and is subtracted from the
log-likelihood function for data in the η signal region, i.e.,

S ¼ −ðlnLDATA − lnLBGÞ: ð10Þ
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FIG. 3. Comparisons to the fit projections for the (a) KþK−, (b) Kþη, and (c) K−η invariant mass distributions.
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The number of the fitted events NX for an intermediate
resonance X is defined as

NX ¼
�
σX
σ0

�
N0; ð11Þ

σX ¼ 1

Ngen

XNacc

j¼1

ωXðξjÞ; ð12Þ

where N0 is the number of selected events after background
subtraction and ωX denotes the observed differential cross
section for the process with the intermediate state X.
The detection efficiency εX for the intermediate reso-

nance X is obtained using a weighted MC sample that
resembles the data,

εX ¼ σX
σgenX

¼
PNacc

j¼1 ωXðξjÞPNgen

k¼1 ωXðξkÞ
: ð13Þ

Taking ψð3686Þ → Xη, X → KþK− as an example, the
product branching fraction is calculated according to

Bðψð3686Þ → Xη; X → KþK−Þ ¼ NX

Nψ · εX · Bðη → γγÞ ;

ð14Þ

where Nψ is the number of ψð3686Þ events [17] and
Bðη → γγÞ is the branching fraction of η → γγ [23].
The free parameters in the fit are the relative magnitudes

and phases of the amplitudes. The statistical uncertainties
of the signal yields are propagated from the covariance
matrix obtained from the fit. The statistical uncertainties
for the masses and widths, which are optimized using a
scan method, are defined as one standard deviation from the
optimized results, corresponding to a change of 0.5 in the
log-likelihood value, for a specific parameter.
The statistical significance of a given intermediate

resonance is evaluated using the change in the log-like-
lihood value and the number of free parameters in the fit
with and without the specific resonance.

B. PWA result

A PWA is performed on the accepted 1787 candidate
events for ψð3686Þ → KþK−η, where the background
contribution is described with 257 events from the η
mass sidebands. Though most of ψð3686Þ → ϕη events
are removed by requiring MðKþK−Þ > 1.2 GeV=c2, the
amplitude for ψð3686Þ → ϕη is included in the PWA to
evaluate its impact on the interference between the tail
of the ϕ and other components. However, its contribution
is constrained to the expected number of events, 24.3� 2.4,
which is estimated from the branching fraction of
ψð3686Þ → ϕη [23].

For the other components in the fit, a large number of
attempts are made to evaluate the possible resonance
contributions in the KþK− and K�η mass spectra [30].
Only components with a statistical significance larger
than 5σ are kept in the baseline solution. In addition to
the ϕ, the baseline fit includes contributions from the
ϕð1680Þ, Xð1750Þ, ρð2150Þ, ρ3ð2250Þ, K�

2ð1980Þ�, and
K�

3ð1780Þ�. The fit results, including the resonance param-
eters, the statistical significance and the product branching
fraction for each component, are summarized in Table I
and Table II. Table III shows the resonance parameters in
baseline solution and their average values in Particle Data
Group (PDG) [23].
The spin-parity assignment of the baseline solution is

checked for each component separately. Replacing ϕð1680Þ,
ρð2150Þ, or ρ3ð2250Þ by a 3−− [1−− for ρ3ð2250Þ] resonance
with same mass and width worsens the NLL values by 81.8,
213.8, and 40.1, with the number of degrees of freedom
unchanged. Altering the K�

2ð1980Þ spin parity to 1−, 3−, 4þ

or theK�
3ð1780Þ to 1−, 2þ, 4þ worsens the NLL values by at

least 40 units. The spin-parity assignment of the Xð1750Þ
as 1−− is significantly better than the 3−− hypothesis, with
the NLL values improved by 53.4 units.
The PWA results provide a good description of the data,

as illustrated by the comparisons between the fit projections
and the data forMðKþK−Þ,MðKþηÞ,MðK−ηÞ, and angular
distributions in Figs. 3 and 4. In addition, the comparisons

TABLE I. Mass, width and significance of each component in
the baseline solution. The first uncertainties are statistical and the
second are systematic.

Resonance M (MeV=c2) Γ (MeV) Significance

ϕð1680Þ 1680þ12þ21
−13−21 185þ30þ25

−26−47 14.3σ

Xð1750Þ 1784þ12þ0
−12−27 106þ22þ8

−19−36 10.0σ

ρð2150Þ 2255þ17þ50
−18−41 460þ54þ160

−48−90 23.5σ

ρ3ð2250Þ 2248þ17þ59
−17−5 185þ31þ17

−26−103 8.5σ

K�
2ð1980Þ 2046þ17þ67

−16−15 408þ38þ72
−34−44 19.9σ

K�
3ð1780Þ 1813þ15þ65

−15−16 191þ43þ3
−37−81 11.2σ

TABLE II. Branching fraction for each process in the baseline
solution. The first uncertainties are statistical and the second are
systematic.

Decay mode BF (×10−6)

ψð3686Þ → ϕð1680Þη → KþK−η 12.0� 1.3þ6.5
−6.9

ψð3686Þ → Xð1750Þη → KþK−η 4.8� 1.0þ2.6
−2.6

ψð3686Þ → ρð2150Þη → KþK−η 21.7� 1.9þ7.7
−8.3

ψð3686Þ → ρ3ð2250Þη → KþK−η 1.9� 0.4þ0.5
−1.3

ψð3686Þ → K�
2ð1980Þ�K∓ → KþK−η 7.0� 0.5þ3.7

−0.6

ψð3686Þ → K�
3ð1780Þ�K∓ → KþK−η 2.0� 0.4þ1.9

−0.4
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of the angular distributions for the η (K�) in different
center-of-mass frames also indicate the fit projections are
consistent with the data.
In the KþK− mass spectrum, the apparent structure

around 1.7 GeV=c2 is identified in the PWA as the well
established ϕð1680Þ. The PWA fit gives a mass of
1680þ12þ21

−13−21 MeV=c2 and a width of 185þ30þ25
−26−47 MeV, with

a statistical significance of 14.3σ, which are consistent
with the world average values of the ϕð1680Þ [23]. To

describe the clear dip between 1.7 GeV=c2 and
1.8 GeV=c2, another vector resonant structure, with a
statistical significance of 10.0σ, is included in the PWA.
Interestingly, the fitted mass and width of this structure are
1784þ12þ0

−12−27 MeV=c2 and 106þ22þ8
−19−36 MeV, respectively,

which are in agreement with those of the Xð1750Þ reported
by the FOCUS Collaboration [15]. The Xð1750Þ was
originally interpreted as the photoproduction mode of
the ϕð1680Þ [12–14] with the limited statistics. The

TABLE III. Comparison of resonances parameters in the baseline solution and their average values in PDG. The first uncertainties are
statistical and the second are systematic.

This work PDG [23]

Resonance M (MeV=c2) Γ (MeV) M (MeV=c2) Γ (MeV)

ϕð1680Þ 1680þ12þ21
−13−21 185þ30þ25

−26−47 1680� 20 150� 50

Xð1750Þ 1784þ12þ0
−12−27 106þ22þ8

−19−36 ð1720� 20Þρð1700Þ ð250� 100Þρð1700Þ
ð1753.5� 1.5� 2.3ÞXð1750Þ [15] ð122.2� 6.2� 8.0ÞXð1750Þ [15]

ρð2150Þ 2255þ17þ50
−18−41 460þ54þ160

−48−90 ð2153� 27Þρð2150Þ [31] ð389� 79Þρð2150Þ [31]
ð2175� 15Þϕð2170Þ ð61� 18Þϕð2170Þ

ρ3ð2250Þ 2248þ17þ59
−17−5 185þ31þ17

−26−103 2232 [32] 220 [32]

K�
2ð1980Þ 2046þ17þ67

−16−15 408þ38þ72
−34−44 1973� 8� 25 373� 33� 60

K�
3ð1780Þ 1813þ15þ65

−15−16 191þ43þ3
−37−81 1776� 6 159� 21
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FIG. 4. Fit projections to (a) cos θ of the η in the ψð3686Þ rest frame, (b) cos θ of the Kþ in the ψð3686Þ frame, (c) cos θ of the Kþ in
the Kþη rest frame, (d) cos θ of the Kþ in the KþK− rest frame.
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observation of both the ϕð1680Þ and the Xð1750Þ in the
KþK− mass spectrum implies that the Xð1750Þ is a
gnew structure instead of the photoproduction mode of
the ϕð1680Þ. The ρð1700Þ is another 1−− resonance in the
mass region ½1.7; 1.8� GeV=c2. The ρð1700Þ has a quite
different mass and width compared to the Xð1750Þ, as
shown in Table III. To distinguish the Xð1750Þ and the
ρð1700Þ, an alternative fit is performed after fixing the mass
and width of the observed Xð1750Þ to instead be those of
the ρð1700Þ [23]. This alternate fit yields a likelihood 5.7σ
worse than the nominal fit. This test indicates the observed
additional vector resonance is more likely to be the
Xð1750Þ than the ρð1700Þ. However, the ρð1700Þ has a
very large uncertainty in its mass and width. This large
uncertainty of the ρð1700Þ prohibits excluding the pos-
sibility that this vector structure is the ρð1700Þ.
Reference [9], which used a subset of the data sample

used in this analysis, assumed the structure around
2.2 GeV=c2 to be the ϕð2170Þ. By introducing one 1−−

component, the PWA fit in this analysis gives M ¼
2255þ17þ50

−18−41 MeV=c2 and Γ ¼ 460þ54þ160
−48−90 MeV. The width

is much larger than that of the ϕð2170Þ from previous
measurements [3–8,10]. This structure could be either the
ϕð2170Þ or the ρð2150Þ or perhaps a superposition of both.
To obtain a good description of the angular distribution,
we find that an additional resonance with a mass of
2248þ17þ59

−17−5 MeV=c2 and a width of 185þ31þ17
−26−103 MeV

and JPC ¼ 3−− is also necessary, which is interpreted as
the ρ3ð2250Þ because the mass and width are consistent
with previous measurements of the ρ3ð2250Þ [32,33].
Due to the low statistics, the uncertainties on the resonant
parameters for these two structures are quite large. Since,
for either excited ρ state, ψð3686Þ → ρη is an isospin
violating decay and ρ → KþK− is suppressed by the OZI
rule, the investigation of the πþπ− invariant mass in
ψð3686Þ → πþπ−ηmay make it possible to establish which
of these possibilities is correct.
In the K�η mass spectra, the fit results indicate that

the dominant contributions come from the established
K�

2ð1980Þ and K�
3ð1780Þ mesons. The fitted masses and

widths of these two resonances, which are summarized in
Table I, are consistent with their world average values [23].

V. BRANCHING FRACTION
OF ψð3686Þ → K +K − η

The comparisons of different mass spectra and angular
distributions, as displayed in Figs. 3 and 4, indicate that the
PWA results are in good agreement with the data. In this
case, the PWA results provide a good model to simulate the
decay ψð3686Þ → KþK−η and allow a determination of its
branching fraction with

Bðψð3686Þ → KþK−ηÞ ð15Þ

¼ Ndata − Nsd − Nϕη − NQED

NψBðη → γγÞε
¼ ð3.49� 0.09� 0.15Þ × 10−5; ð16Þ

where Ndata ¼ 1787 is the number of ψð3686Þ → KþK−η
candidates after excluding ψð3686Þ → ϕη and ψð3686Þ →
J=ψη processes with a requirement 1.20 < MðKþK−Þ <
3.05 GeV=c2. The background contribution estimated by η
sidebands is Nsd ¼ 257. Contributions from the remaining
ψð3686Þ → ϕη and QED processes are estimated to be
Nϕη ¼ 24.3� 2.4 and NQED ¼ 27.5� 3.1. The detection
efficiency is determined to be ε ¼ 23.95% modeled by the
PWA results above. The first uncertainty is statistical and
the second is systematic, which will be discussed below.

VI. SYSTEMATIC UNCERTAINTIES

The systematic uncertainties in the intermediate reso-
nance measurements are divided into two categories. The
uncertainties in the first category are applicable to all
branching fraction measurements. These uncertainties
include the systematic uncertainties from photon detection
(1% per photon [34]), MDC tracking (1% per charged track
[35]), PID (1% per kaon [36]), number of ψð3686Þ events
[17], the branching fraction of η → γγ (0.5% [23]), and the
kinematic fit (1.4%). The systematic uncertainty associated
with the kinematic fit comes from the inconsistency of the
track-helix parameters between the data and MC simula-
tion. This difference can be reduced by correcting the helix
parameters of charged tracks in the MC simulation as
described in Ref. [37]. The uncertainty due to the kinematic
fit is estimated to be 1.4% by comparing the detection
efficiency with and without the correction.
The uncertainties in the second category are due to the

PWA fit procedure and are applicable to measurements
of both branching fractions of intermediate states and the
corresponding resonance parameters. Sources of these
uncertainties include impact from the tail of the ϕð1020Þ
resonance, resonance parametrization, resonance parame-
ters, background estimation (χc2 veto, contribution from
QED processes, and sideband region), additional resonan-
ces, and the radius of the centrifugal barrier. These
uncertainties are discussed below.

(i) χc2 veto: In the nominal fit, events within the
window 3.54 < MðγmaxKKÞ < 3.58 GeV=c2 are
removed. To estimate the uncertainty due to this
requirement, these events are included in the fit, and
a MC sample of ψð3686Þ → γχc2, χc2 → KþK−π0 is
used to describe χc2 background in the fit. The MC
events are generated in accordance with the ampli-
tude analysis results in Ref. [38] to provide a
good description of the data. The differences in
the PWA fit results due to this change are taken as
uncertainties. The change of the branching fraction
of ψð3686Þ → KþK−η, 1.1%, with and without this
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requirement is assigned as the uncertainty from
this source.

(ii) Sideband region: The events in the η sideband region
(0.478<MðγγÞ<0.498GeV=c2 or 0.598<MðγγÞ<
0.618GeV=c2) are used to estimate the background
contribution in the PWA fit. An alternative sideband
region (0.488 < MðγγÞ < 0.508 GeV=c2 or 0.588 <
MðγγÞ < 0.608 GeV=c2) is also used and the
differences in the fit results relative to the nominal
ones are taken as the associated uncertainties.

(iii) The tail of the ϕð1020Þ resonance: The ϕð1020Þ
resonance is very narrow and is far away from
the PWA region. Impacts from the tail of the
ϕð1020Þ, the resolution effect on the ϕð1020Þ tail
and the uncertainty of the branching fraction
ψð3686Þ → ϕð1020Þη, are negligible. As a test,
we artificially increase the width of the ϕð1020Þ
to 6.27 MeV [∼1.5 × ΓðϕÞ] and refit data. The
difference between this result and the nominal result

is found to be negligible. We also vary the branching
fraction of ψð3686Þ → ϕð1020Þη by�1σ around the
world average value in the fit and comparing these fit
results with the nominal result. Differences due to
variations of the branching fraction are found to be
negligible.

(iv) Resonance parametrization: To estimate the uncer-
tainty due to the resonance parametrization of the
resonance shape, we performed the PWA by replac-
ing the nominal parametrization with a relativistic
Breit-Wigner with a constant width [27] f ¼

1
m2−s−imΓ, where m and Γ are the mass and width
of the resonance, and s is the invariant mass squared
of the daughter particles. The differences due to the
resonance parametrization are taken as the system-
atic uncertainties.

(v) Resonance parameters: The uncertainty due to
resonance parameters (mass and width) is estimated
by varying the parameters by �1σ around the

TABLE IV. Sources of systematic uncertainties and their corresponding contributions to the mass (in MeV=c2) and width (in MeV) of
intermediate resonances.

ϕð1680Þ Xð1750Þ ρð2150Þ ρ3ð2250Þ K�
2ð1980Þ� K�

3ð1780Þ�
Sources ΔM ΔΓ ΔM ΔΓ ΔM ΔΓ ΔM ΔΓ ΔM ΔΓ ΔM ΔΓ

Breit-Wigner parametrization þ14.4 −14.3 þ0.3 −15.3 þ34.9 þ70.9 þ39.8 þ2.5 þ54.1 þ67.7 þ54.1 þ0.2

Resonance parameter þ6.0
−15.7

þ13.4
−22.0 −9.1 −22.0 þ8.2

−8.1
þ13.0
−21.9 þ13.6 þ2.7

−49.8
þ9.2
−10.4

þ20.1
−20.9

þ6.2
−10.4

þ1.1
−40.3

χc2 veto −3.2 þ1.3 −9.9 −2.3 −2.9 þ5.2 þ24.9 −62.6 þ12.6 þ11.7 −0.9 −20.9
Background estimation −10.3 −6.0 −3.7 −18.5 −14.7 þ131.2 þ1.7 −51.7 −7.7 −31.5 þ5.5 −43.4
Continuum background −3.7 −1.6 −6.9 −8.3 þ1.0 −4.4 þ9.4 −24.3 þ1.5 þ1.7 −0.7 −7.2
Additional resonances þ14.5 þ11.0

−33.2 −20.3 þ8.1
−4.6

þ25.2
−28.2

þ43.9
−48.9 þ25.9 þ16.1

−15.8
þ33.3
−6.7 −18.8 þ33.4

−6.7
þ2.2
−42.1

Barrier radius −6.8 þ17.9
−18.5 −9.5 −11.2 þ24.7

−24.1
þ32.6
−71.9

þ19.1
−5.0 −27.1 þ16.3 þ4.4

−13.4
þ12.2
−9.8

þ0.3
−28.0

Total þ21.3
−20.6

þ25.0
−46.6

þ0.3
−27.3

þ8.1
−35.8

þ50.3
−40.8

þ159.5
−89.8

þ59.3
−5.0

þ16.5
−103.2

þ67.4
−14.6

þ71.7
−44.3

þ65.3
−15.8

þ2.5
−80.9

TABLE V. Sources of systematic uncertainties and their corresponding contributions (in %) to the branching fraction for each decay
process.

Sources ϕð1680Þ Xð1750Þ ρð2150Þ ρ3ð2250Þ K�
2ð1980Þ� K�

3ð1780Þ� ψð3686Þ → KþK−η

Photon detection 2.0 2.0 2.0 2.0 2.0 2.0 2.0
MDC tracking 2.0 2.0 2.0 2.0 2.0 2.0 2.0
Particle ID 2.0 2.0 2.0 2.0 2.0 2.0 2.0
Kinematic fit 1.4 1.4 1.4 1.4 1.4 1.4 1.4
Bðη → γγÞ 0.5 0.5 0.5 0.5 0.5 0.5 0.5
Number of ψð3686Þ events 0.6 0.6 0.6 0.6 0.6 0.6 0.6
χc2 veto −18.2 −20.2 −8.8 þ5.7 −5.9 −14.1 1.1
Background estimation −31.7 −3.5 −27.9 −1.4 þ25.3 þ7.0 1.4
Breit-Wigner parametrization þ2.8 þ8.5 −8.6 þ6.1 þ14.0 þ5.2 � � �
Resonance parameter þ53.7

−30.5
þ49.4
−35.8

þ10.9
−7.8

þ12.7
−14.5

þ8.5
−3.0

þ8.9
−6.8 � � �

Continuum background −5.7 þ7.9 −0.9 þ6.6 þ0.2 þ6.5 � � �
Additional resonances −29.3 −36.2 þ16.6

−14.7
þ18.5
−60.4 þ41.9 þ93.0

−9.1 � � �
Barrier radius þ5.3

−12.2 þ21.5 þ29.4
−15.8

þ11.6
−28.9

þ7.1
−5.0 þ11.8 � � �

Total þ54.2
−57.6

þ55.2
−55.0

þ35.7
−38.4

þ27.7
−68.6

þ52.2
−9.1

þ94.8
−18.5 4.2
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nominal results in the fit, one at a time. The largest
changes after these variations are taken as the
systematic uncertainties.

(vi) QED contribution: The estimated contribution
from QED processes is 27.5� 3.1 events, which
are not included in the nominal fit. The uncertainty
is estimated by subtracting this contribution
using a datalike MC sample, which includes
K�

2ð1430ÞþK− þ c:c:, K�
3ð1780ÞþK− þ c:c: and

1−− nonresonant processes. The MC sample is
generated according to a preliminary PWA fit to
the 2.92 fb−1 data sample taken at 3.773 GeV [26].
The differences between the nominal fit and the fit
with the QED contribution subtracted are taken as
systematic uncertainties.

(vii) Additional resonances: To estimate uncertainties
due to additional resonances, fits with additional
resonances are performed. The spin 1 resonances
K�ð1410Þ (4.3σ), K�ð1680Þ (3.9σ), and spin 3
resonance ρ3ð1990Þ (2.2σ) [23] are included sepa-
rately. The differences relative to the nominal result
are taken as systematic uncertainties.

(viii) Radius of the centrifugal barrier: The Blatt-
Weisskopf barrier factor [39,40] is included in the
PWA decay amplitudes and the radius (R) of the
centrifugal barrier is used in the factor via Q0 ¼
ð0.197321=R½fm�Þ GeV=c [27]. In the nominal fit
Q0 is set to 0.2708 GeV=c. Fits with alternative radii
(Q0 ¼ 0.15 GeV=c, and Q0 ¼ 0.5 GeV=c) are also
performed and the differences relative to the nominal
fit result are taken as systematic uncertainties.

Systematic uncertainties for masses, widths and branch-
ing fractions and the sources described above are summa-
rized in Table IV and Table V. Assuming all the above
uncertainties are independent, the total systematic uncer-
tainty is calculated by adding them in quadrature.

VII. SUMMARY

Using a sample of 4.48 × 108 ψð3686Þ events
collected with the BESIII detector, we perform a partial
wave analysis of ψð3686Þ → KþK−η for the first time.
After excluding contributions from ψð3686Þ → ϕη and
ψð3686Þ → J=ψη processes, the branching fraction of
Bðψð3686Þ → KþK−ηÞ is calculated to be ð3.49� 0.09�
0.15Þ × 10−5. With the advantage of the higher statistics
data set and the precision MC model, this result is in
agreement with but more precision than the previous
measurement [9]. This measurement supersedes that in
Ref. [9] which was based on a subsample of the data used in
this work.
In the KþK− mass spectrum, in addition to the estab-

lished ϕð1680Þ, a 1−− state is necessary to describe the dip
around 1.75 GeV=c2, which is caused by the interference
between the two states. The fitted mass and width of the

1−− resonance are consistent with those of the Xð1750Þ
reported by the FOCUS Collaboration [15]. However, due
to the large uncertainty in the mass and width of the
ρð1700Þ, the possibility that this 1−− resonance is the
ρð1700Þ cannot be excluded. The broad structure around
2.2 GeV=c2 is caused by contributions from a broad 1−−

structure and a 3−− structure. The likely candidate for the
former state is either the ϕð2170Þ, ρð2150Þ, or a super-
position of both, while the latter state may be attributed to
the ρ3ð2250Þ. However, it is still difficult to distinguish
these states from the excited ϕ and ρ states due to the
limited statistics. With the help of other decays, e.g.,
ψð3686Þ → πþπ−η, a combined partial wave analysis
may help to distinguish these states as strangeonium or
excited ρ states.
In the K�η mass spectra, no clear peak is observed.

The partial wave analysis finds that the dominant K�
contributions are from two known states, the K�

2ð1980Þ
and K�

3ð1780Þ.
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