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Abstract  

 

The pressure effect is investigated regarding the solid – liquid equilibria (SLE) in n-alkanes. Using the Landau 

phenomenological model, the pressure dependences of the thermodynamic functions are predicted and the phase 

diagrams are constructed for the solid – liquid transitions in the binary mixtures of n-alkanes. The experimental data 

from the literature are used for the phase diagrams in the mixtures. 

Our fits for the phase diagrams are reasonably good. Regarding the cubic dependence of the concentration (𝑇 − 𝑋, 

𝑃 − 𝑋) and the linear dependence of the pressure (𝑃 − 𝑇) on the temperature, our results show that the n-tridecane is 

distinguished from the other mixtures due to its lowest freezing temperature (𝑇1 = 291.08 K) and correspondingly 

higher concentration (𝑥1 = 0.1982). It is found that the divergence behaviour of the heat capacity (𝐶) with the critical 

exponent 1 2⁄  from the extended mean field model is in particular more apparent at the room temperature (293.15 K) 

at various pressures for the solid – liquid transition. This is accompanied with the pressure dependences of the order 

parameter, susceptibility, entropy and enthalpy for those mixtures as studied here. 
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1. Introduction 

Normal alkanes (n-alkanes) and their mixtures have been 

studied extensively over the years. In particular, studies on 

the phase boundary between the homogenous liquid phase 

and the two-phase liquid – solid phase domain, have been 

reported [1, 2]. Also, their specific rotator phases and 

intricate phase transition behavior have been the subject of 

various studies [3]. A number of studies [4-7] have been 

devoted to describe the structure and the phase transitions of 

the rotator phases, as indicated previously [3]. Small linear 

alkanes and their cyclic counterparts have been examined by 

molecular dynamic simulations and, thermodynamic, 

structural and dynamic behavior of liquids have been studied 

[8]. Among various mixtures of n-alkanes, confined 

crystallization behaviours of binary even-even normal 

alkane (n-alkane) mixtures of n-octadecane (n-C18H38) and 

n-eicosane (n-C20H42) have also been studied [9]. Melting 

curves of pure heavy paraffins were measured in earlier 

studies [10-13]. However, the pressure effect on the solid-

liquid equilibria of complex mixtures of long-chain alkanes 

has not been investigated in those earlier studies. Later, a set 

of measurements were carried out on tridecane for the 

pressures up to 100 MPa in several synthetic mixtures, n-

paraffins, ranging from n-C13 to n-C24 with various number 

of components [14]. The influence of pressure on the rotator 

phases was also studied within the Landau mean field theory 

[3]. Experimental phase diagram of the alkane system, 

namely, dodecane-tridecane was evaluated to study phase 

change materials (PCMs) for freezing applications [13]. 

Also, experimental measurements and thermodynamic 

modeling for the binary mixtures of n-C11H24 have been 

carried out [15]. 

The pressure dependence of both the lattice distortion and 

the order of the rotator transitions has been discussed within 

the Landau theory in some details [16]. Also, rotator phases 

of n-heptane have been studied by Raman scattering and X-

ray diffraction under high pressures [17]. For such a system, 

a liquid to solid transition has been predicted by the high 

pressure molecular dynamic (MD) simulations [18]. Rotator 

phases in alkane systems regarding bulk, surface layers and 

micro/nano confinements have been reviewed [19]. 

Experimentally, 𝑇 − 𝑋 data at various pressures for binary 

mixtures of (1 − 𝑥)𝑛 − 𝐶14 + 𝑥𝑛 − 𝐶16 (tetradecane + 

hexadecane) have been obtained [20, 21]. The temperature – 

dependent Raman spectra have been obtained for 

tetradecane, pentadecane and hexadecane [22]. 𝑇 − 𝑋 phase 

diagram and the thermodynamic quantities were also 

calculated for this binary mixture [23-26] and for the n-

tridecane [27] close to the liquid - solid phase transition using 

Landau phenomenological model in our recent studies. 

Heat capacities of n-heneicosane and n-decosane have 

been measured and the thermodynamic properties such as 

entropy and enthalpy were calculated [28]. Also, by means 

of the molecular dynamic simulations, solid – liquid and 

solid – solid phase transitions in alkanes have been studied 

[29]. Regarding the heat capacity of the rotator phases of 
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alkanes, effect of silica nanoparticles has been studied 

theoretically by combining Flory-Huggins free energy 

(isotropic mixing) and Landau free energy [30]. Also, rotator 

phases in hexadecane have been studied experimentally [31]. 

Regarding the phase diagrams of binary mixtures of n-

alkanes at high pressures, 𝑇 − 𝑋 and 𝑃 − 𝑋 (at constant 

temperatures) phase diagrams for n-tridecane + n-hexane 

were obtained from the experimental measurements [32]. 

Also, 𝑇 − 𝑋 phase diagrams of n-alkane+cyclohexane where 

n-alkanes are n-hexadecane, n-octadecane and n-eicosane, 

were obtained at 300 MPa experimentally and the (solid + 

liquid) equilibria (SLE) of those n-alkanes were modelled 

[32]. The pressure effect on the physical and chemical 

properties of n-alkanes, has not been studied fully whereas 

the temperature effect on those properties was studied in a 

large scale as given in the literature. Mainly, the 

experimental measurements such as on tridecane up to 100 

MPa [14] and the phase diagrams of n-alkanes [32], have 

been reported, as stated above. Theoretically, studies 

regarding the pressure effect on the phase diagrams and also 

on the thermodynamic functions, are relatively limited, as 

reported in the literature. Using the Landau mean field 

theory, in particular, the influence of the pressure has been 

studied for the rotator phases in n-alkanes [3, 16], as also 

stated above. From this point of view, the experimental 

measurements for the phase diagrams and for the 

thermodynamic properties at various pressures, require the 

theoretical analysis using some models. This present study 

by using the Landau phenomenological model, aims to fulfill 

this gap to describe the pressure effect on the thermodynamic 

properties for the solid – liquid equilibria in the binary 

mixtures (n-tridecane, n-hexadecane and n-octadecane). In 

order to describe the solid – liquid equilibria in n-alkanes, 

the thermodynamic properties have been studied mostly at 

various temperatures, as reported in the literature. Regarding 

our previous studies, 𝑇 − 𝑋 phase diagram and also under 

high pressure for tetradecane + hexadecane [23, 26], 𝑇 − 𝑛 

(number of carbons) phase diagram of n-alkanes [24], and 

for n-tridecane [27] have been reported, as mentioned above. 

Additionally, the thermodynamic quantities have been 

calculated as a function of temperature [23, 26, 27] using 

Landau phenomenological model. However, the effect of the 

pressure on the transition mechanism for the solid – liquid 

equilibria, as studied for the phase diagrams of n-alkanes in 

our previous publications [25, 27], should also be studied for 

the thermodynamic quantities in those binary mixtures. From 

this point of view, the present study differs from the already 

published works in the sense that it uses the Landau 

phenomenological model and also it differs from our 

previous works [23-27] since in this study, thermodynamic 

functions are calculated as a function of pressure for the 

binary mixtures studied. 

In this study, the 𝑇 − 𝑋 phase diagrams (n-alkanes + n-

cyclohexane) at 300 MPa, P−𝑋 phase diagrams (n-alkanes + 

n-hexane) at constant temperatures and 𝑃 − 𝑇 phase 

diagrams (n-alkanes + n-hexane) at constant concentrations 

(mole fractions) were calculated using the experimental data 

[32]. For this calculation, the phase line equations which 

were extracted from the free energy, are fitted to the 

experimental data [32]. As an original work, the 𝑇 − 𝑋 phase 

diagram is represented by a single polynomial curve for n-

hexadecane, n-octadecane an n-eicosane, whereas for n-

tridecane the 𝑇 − 𝑋 relation is obtained as linear from the 

Landau phenomenological model. 

It has been shown in our previous study [26] that the 

extended mean field model can describe adequately the 

critical behavior of the heat capacity 𝐶 and the other 

thermodynamic quantities as a function of temperature for 

the solid – liquid transition in the tetradecane + hexadecane. 

As an original study, the present paper aims to describe the 

solid – liquid equilibria in the binary mixtures of n-tridecane, 

n-hexadecane and n-octadecane by calculating the pressure 

dependence of the heat capacity 𝐶 and also to predict the 

order parameter, susceptibility, entropy and enthalpy as a 

function of pressure at constant temperature by means of the 

extended mean field model. So that the pressure dependences 

of the order parameter, susceptibility and the thermodynamic 

quantities such as heat capacity, entropy and enthalpy were 

predicted for the solid-liquid transitions in these binary 

mixtures studied. Our motivation in the present study is to 

describe the liquid-solid equilibria and to investigate the 

phase change mechanism of the materials consisting of n-

alkanes mixtures. 

The present work illustrates the possibility of describing 

theoretically temperature – concentration – pressure phase 

diagrams and the pressure – induced phase changes in n-

alkanes. This would lead to the fundamental understanding 

of the structural, physical and chemical properties of n-

alkane molecules. 

 

2. Theory 

The pressure effect on the solid – liquid transition in n-

alkanes can be investigated by the Landau mean field theory. 

Since this theory is applicable to the experimental 

measurements, by analyzing the observed data for the phase 

diagrams and the thermodynamic quantities, the first order 

solid –liquid equilibria (SLE) can be studied. This is done by 

expanding the free energy in terms of the order parameter. 

By obtaining the phase line equation from the free energy, 

the 𝑇 − 𝑋, 𝑃 − 𝑋 and 𝑃 − 𝑇 phase diagrams can be 

constructed for n-alkanes on the basis of the experimental 

data. By means of the phase diagrams, the pressure 

dependence of the thermodynamic quantities can be 

predicted close to the solid – liquid transition in those 

mixtures. In this study, the pressure effect, in particular, on 

the mixtures of n-alkanes (1) + n-hexane (2), where n-

alkanes (1) are n-tridecane (1), n-hexadecane (1) and n – 

octadecane (1) is investigated using the experimental data 

[32]. 

Various forms of the free energy in terms of the order 

parameters have been given in the literature. 

Thermodynamic model for a Landau model for the melting 

transition has been given [33]. The extended mean field 

model [34] has been introduced, mainly for the liquid 

crystals [35]. The coupled order parameters in the free 

energy expansion have been studied within the Landau 

phenomenological model [3, 16, 36, 37]. The free energy 

expansion with the coupled order parameters describing the 

solid – liquid transition in n-alkanes have been given in our 

recent studies [23 - 27]. In particular, the form of the free 

energy as given by the extended mean field theory [34], has 

been used in this study for the free energy of the solid phase 

(𝐹𝑠) for the solid – liquid equilibria in terms of the order 

parameter 𝜂 as 

 

𝐹𝑠 = 𝑎2𝜂2 + 𝑎4𝜂4 + 𝑎6𝜂6 (1) 

 

where the coefficients are assumed to depend on the 

temperature, pressure and concentration, in general. For the 
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solid – liquid equilibria, we have the first order condition that 

[38] 

 

𝐹𝑠 = 𝐹𝐿 = 0 (2) 

 

by considering the fact that in the liquid phase there is no 

ordering (𝐹𝐿 = 0). For the SLE, the coefficients are 𝑎2 > 0, 

𝑎4 < 0 and 𝑎6 > 0 for the first order transition as defined by 

the Landau mean field theory. Minimizing the free energy 

with respect to the order parameter (𝜕𝐹𝑠 𝜕𝜂⁄ = 0) as 

performed in our earlier studies [23 - 27], gives 

 

𝑎2 + 2𝑎4𝜂2 + 3𝑎6𝜂4 = 0 (3) 

 

Using the first order condition (Eq. (2)), the order 

parameter can be written as 

 

𝜂2 = − 𝑎4 2𝑎6⁄ = 𝑎2 4𝑎4⁄  (4) 

 

as also obtained previously [23, 26]. Substituting Eq. (4) into 

Eq. (1) and using Eq. (2), the phase line equation is obtained 

as 

 

𝑎2𝑎6 = −2𝑎4
2
 (5) 

 

for the SLE of the mixtures (n-alkanes) [23, 25, 26]. 

Thermodynamic quantities can also be calculated as a 

function of pressure for the SLE of the n-alkanes. As the 

order parameter 𝜂 (Eq. (4)) was obtained, the inverse 

susceptibility using the definition 

 

𝜒𝜂
−1 = 𝜕2𝐹𝑠 𝜕𝜂2⁄  (6) 

 

can be predicted from the free energy 𝐹𝑠 (Eq. (1)) as 

 

𝐹 = 𝑎2𝜓2 + 𝑎3𝜓3 + 𝑎4𝜓4 (7) 

 

similar to the calculation of 𝜒𝜂
−1 [23, 26]. 

For the thermodynamic quantities such as the heat 

capacity (𝐶), entropy (𝑆) and the enthalpy (𝐻), the extended 

mean field model [34] is employed as applied to predict the 

heat capacity of the smectic A – smectic C (AC) transition in 

liquid crystals [35]. According to this model, the temperature 

dependence of the heat capacity is given by [35] 

 

𝐶 = 𝐶𝑜𝑇(𝑇1 − 𝑇)−1 2⁄  (8) 

 

where 𝑇1 denotes the melting temperature and 𝐶𝑜 is a 

constant for the SLE in n-alkanes. This gives rise to the 

entropy difference Δ𝑆 = 𝑆 − 𝑆𝑜 from the definition  

𝐶 𝑇⁄ = 𝜕𝑆 𝜕𝑇⁄  as 

 

Δ𝑆 = 𝜕𝐹 𝜕𝑇⁄ = −2𝐶𝑜(𝑇1 − 𝑇)1 2⁄  (9) 

 

where 𝑆𝑜 is the entropy at the melting temperature (𝑇 = 𝑇1). 

The enthalpy difference Δ𝐻 = 𝐻 − 𝐻𝑜 can also be obtained 

from the definition 𝐶 = 𝜕𝐻 𝜕𝑇⁄  as 

 

ΔH = −𝐶𝑜𝑇(𝑇1 − 𝑇)1 2⁄  (10) 

 

Similar calculation of the entropy (Eq. (9)) and the enthalpy 

(Eq. (10)) has been performed in our recent studies [23, 26]. 

In the derivation of Eq. (10), the (𝑇1 − 𝑇)3 2⁄  term is 

neglected as compared to the (𝑇1 − 𝑇)1 2⁄  term which is 

dominant for the critical behavior of the enthalpy close to the 

solid – liquid transition in n-alkanes. 

On the basis of the extended mean field model [35], the 

temperature dependence of the order parameter 𝜓 (or 𝜂) can 

be obtained from the heat capacity as 

 

𝜓2 = ∫ (𝐶 𝑇⁄ )𝑑𝑇
𝑇1

𝑇
 (11) 

 

or by means of Eq. (8), 𝜓 can be expressed as 

 

𝜓 = 𝜓0(𝑇1 − 𝑇)𝜙 (12) 

 

with the critical exponent 𝜙 = 1 4⁄  and the amplitude  

𝜓0 = (2𝐶𝑜)1 2⁄ . 

 

3. Calculations and Results 

The temperature, pressure and the concentration 

dependences of the phase line equation and the 

thermodynamic quantities studied, can be obtained by means 

of those dependences of the coefficients 𝑎2, 𝑎4 and 𝑎6 (Eq. 

(1)). By assuming that 

 

𝑎2 = 𝑎20(𝑇 − 𝑇1) + 𝑎21(𝑃 − 𝑃1) (13) 

 

and 

 

𝑎4 = 𝑎40 + 𝑎41(𝑥 − 𝑥1) + 𝑎42(𝑥 − 𝑥1)2 (14) 

 

where 𝑇1, 𝑃1 and 𝑥1 represent the melting temperature, 

pressure and the mole fraction (concentration), respectively. 

 

  
Figure 1. T-X phase diagrams calculated according to the  

phase line equation (Eq. (15)) which was fitted to the 

experimental data [32] for the solid – liquid transition of the 

mixtures of n-alkane (1) + n-cyclohexane (2) at P=300 MPa. 

Experimental data (within the range of temperatures) are 

also shown in the figure. 

 

The coefficient 𝑎6 in Eq (1) was considered as a constant 

(𝑎6 = 𝑎60), independent of temperature, pressure and 

concentration in our treatment. The phase line equation (Eq. 

(5)) can then be obtained as follows: 

 

𝑇 − 𝑇1 = 𝛼0 + 𝛼1(𝑥 − 𝑥1) + 𝛼2(𝑥 − 𝑥1)2 + 
𝛼3(𝑥 − 𝑥1)3 + 𝛼4(𝑃 − 𝑃1) (15) 

 

where 𝛼0, 𝛼1, 𝛼2, 𝛼3 and 𝛼4 are all constants. Those 

coefficients are defined as 
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𝛼0 = −
2𝑎40

2

𝑐
 

𝛼1 = − 4𝑎40𝑎41 𝑐⁄  

𝛼2 = −2(𝑎41
2 + 2𝑎40𝑎42) 𝑐⁄  

𝛼3 = −4𝑎41𝑎42 𝑐⁄  

𝛼4 = − 𝑎21 𝑎20⁄  (16) 

 

with the definition of 𝑐 = 𝑎20𝑎60. 

In this study, the 𝑇 − 𝑋 phase diagram was calculated for 

the mixtures of n-alkane (1) + cyclohexane (2) with the n-

alkanes : n-tridecane (1), n-hexadecane (1), n-octadecane (1) 

and n-eicosane (1) at the pressure 300 MPa according to the 

𝑇 − 𝑋 phase line equation (Eq. (15)) from the Landau 

phenomenological model. Eq. (15) at 𝑃 = 𝑃1 = 300 MPa, 

was fitted to the experimental data [32] and the 𝑇 − 𝑋 plots 

were obtained as shown in Fig. 1 for all those mixtures. 

Coefficients which were determined from the fits and the 

experimental [32] freezing temperatures 𝑇1 with the mole 

fraction 𝑥1 of n-alkanes considered, are given in Table 1. 

In order to investigate the pressure effect on the solid – 

liquid transitions in n-alkane mixtures, 𝑃 − 𝑋 phase 

diagrams at constant temperatures were constructed 

according to Eq. (15). For this study, Eq. (15) was fitted to 

the experimental data [32] at 𝑇 = 𝑇1 and the 𝑃 − 𝑋 phase 

diagrams were obtained. Fig. 2 gives the 𝑃 − 𝑋 phase 

diagrams at constant temperatures indicated for the 

composition 𝑥1 for the a) n-tridecane (1) + n-hexane (2), b) 

n-hexadecane (1) + n-hexane (2) and c) n-octadecane (1) + 

n-hexane (2) systems. Coefficients determined, are given in 

Tables (2-4), respectively. 

𝑃 − 𝑇 phase diagrams at constant mole fractions were 

also established for the solid – liquid equilibria (SLE) in the 

binary mixture of n-tridecane (1) + n-hexane (2) by Eq. (15) 

using the experimental data [32]. By choosing constant mole 

fractions at 𝑥 = 𝑥1 (Eq. (15)), the 𝑃 − 𝑇 phase diagrams 

were predicted in this system, as plotted in Fig. 3(a). Values 

of the coefficients (Eq. (15)) which were determined for the 

n-tridecane (1) + n-hexane (2), are given in Table 5. 

Similarly, the 𝑃 − 𝑇 phase diagrams were predicted for the 

systems of n-hexadecane (1) + n-hexane (2) and n-

octadecane (1) + n-hexane (2) by fitting Eq. (15) to the 

experimental data [32] at constant mole fractions as shown 

in Figs. 3b and 3c, respectively, for the solid – liquid 

transition in those mixtures. Coefficients determined, are 

also given in Table 5. 

Our assumption for the temperature and pressure 

dependence of the coefficient 𝑎2 (Eq. (13)) represents the 

simplest form for the linear 𝑇 − 𝑃 relation in the liquid – 

solid transition of the binary mixtures considering Eq. (5) 

where 𝑎6 = 𝑎60 as a constant. This is in accordance with the 

phase line equation (Eq. (5)) since we also assumed the 

coefficient 𝑎4 which depends only on the concentration 𝑥 

(Eq. (14)). At the transition pressure (𝑃 = 𝑃1), the 

temperature dependence of 𝑎2 is simply 𝑎2 = 𝑎20(𝑇 − 𝑇1) 

which is the usual temperature dependence of the squared 

term in the order parameter (𝜂2) according to Eq. (1) in the 

Landau theory. From this point of view, a linear 𝑇 − 𝑃 

relation can be established in the phase diagram for the liquid 

– solid transition by assuming 𝑎2 as in (Eq. (13)). 

It was also assumed the quadratic dependence of the 

coefficient 𝑎4 on the concentration (Eq. (14)). This 

assumption is also in accordance with the 𝑇 − 𝑃 relation (Eq. 

3.1) at the concentration of the first component in the binary 

mixture (𝑥 = 𝑥1) in Eq. (14) regarding the phase line 

equation (Eq. (5)) by ignoring the fourth order term in the 

concentration, (𝑥 − 𝑥1)4. As a result of this, cubic 

dependence of the temperature on the concentration (Eq. 3.3) 

was obtained for the 𝑇 − 𝑋 phase diagram (𝑃 = 𝑃1). 

Our assumptions for the coefficients 𝑎2 (Eq. (13)) and 𝑎4 

(Eq. (14)) can be demonstrated with the experimental 

measurements [32] on the n-alkanes studied here for a linear 

variation of pressure with the temperature at 𝑥 = 𝑥1 (𝑃 − 𝑇 

phase diagrams), as shown in Fig. 3. 

 

 
Figure 2. P-X phase diagram calculated according to the 

phase line equation (Eq. (15)) which was fitted to the 

experimental data [32] for the solid – liquid transition of the 

mixtures a) n-tridecane (1) + n-hexane (2) b) n-hexadecane 

(1) + n-hexane (2) c) n-octadecane (1) + n-hexane (2) at 

constant temperatures indicated. Experimental data are also 

shown in the figure. 
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Table 1. Values of the coefficients determined for the solid – liquid transitions in the mixtures indicated according to the 

𝑇 − 𝑋 phase line equation (Eq. (15)) at P=300 MPa by using the experimental data [32]. Values of the freezing temperatures 

𝑇1 (within the range of experimental temperature) and the mole fraction 𝑥1 of n-alkanes are also given. 

𝑻– 𝑿 

(Eq. 3.3) 

n-tridecane (1) + 

cyclohexane (2) 

n-hexadecane (1) + 

cyclohexane (2) 

n-octadecane (1) + 

cyclohexane (2) 

n-eicosane (1) + 

cyclohexane (2) 

𝑇1 (𝐾) 291.08 318.07 328.97 337.72 

𝑥1 0.1982 0.1406 0.1340 0.1553 

𝛼0 (𝐾) -0.3488 0.7428 -0.4523 -0.2115 

𝛼1 (𝐾) 27.22 67.44 79.78 64.58 

𝛼2 (𝐾) 29.75 -63.26 -80.17 -30.04 

𝛼3 (𝐾) -26.49 31.39 32.65 -8.82 

 

Table 2. Values of the coefficients determined for the solid – liquid transitions in the n-tridecane (1) + n-hexane (2) systems 

at constant temperatures indicated by using the experimental data [32] according to Eq. (15).  

T (K) 293.15 303.15 313.15 323.15 333.15 343.15 

P1 (MPa) 436.17 547 675.17 820.69 983.54 1163.74 

(− 𝛼0 𝛼4⁄ ) (MPa) 0.246 9.639 8.609 7.282 1.801 2.236 

(𝛼1 𝛼4⁄ ) × 103(MPa) 0.752 0.925 1.158 1.446 1.740 2.070 

(−𝛼2 𝛼4⁄ )  × 103(MPa) 0.752 0.922 1.246 1.632 1.987 2.323 

(𝛼3 𝛼4⁄ ) × 102(MPa) 3.086 3.597 5.117 6.832 8.261 9.317 

 
Table 3. Values of the coefficients determined for the solid – liquid transitions in the n-hexadecane (1) + n-hexane (2) systems 

at constant temperatures indicated by using the experimental data [32] according to Eq. (15).  

T (K) 293.15 303.15 313.15 323.15 333.15 343.15 

P1 (MPa) 469.45 548.68 645.85 760.97 894.02 1045.01 

(𝛼0 𝛼4⁄ )(MPa) 56.85 60.08 64.78 70.62 77.55 85.55 

(𝛼1 𝛼4⁄ ) × 103(MPa) 2.056 2.166 2.346 2.600 2.930 3.335 

(−𝛼2 𝛼4⁄ )  × 103(MPa) 3.424 3.603 3.897 4.319 4.862 5.529 

(𝛼3 𝛼4⁄ ) × 103(MPa) 1.808 1.913 2.078 2.313 2.606 2.963 

 
Table 4. Values of the coefficients determined for the solid – liquid transitions in the n-tridecane (1) + n-hexane (2) systems 

at constant temperatures indicated by using the experimental data [32] according to Eq. (15). 

T (K) 293.15 303.15 313.15 323.15 333.15 343.15 

P1 (MPa) 238.60 305.71 383.16 470.94 569.05 677.49 

(𝛼0 𝛼4⁄ )(MPa) 17.47 15.85 16.10 18.22 22.19 28.02 

(𝛼1 𝛼4⁄ ) × 103(MPa) 0.818 0.892 1.002 1.149 1.333 1.553 

(−𝛼2 𝛼4⁄ ) × 103(MPa) 1.262 1.322 1.464 1.689 1.995 2.384 

(𝛼3 𝛼4⁄ ) × 102(MPa) 6.849 6.948 7.577 8.734 1.042 1.264 

 

𝑇 − 𝑋 (at 𝑃 = 𝑃1) phase diagrams (linear and quadratic 

fits are also possible) (Fig. 1) and 𝑃 − 𝑋 (at 𝑇 = 𝑇1) phase 

diagrams (Fig. 2) were also based on the experimental 

measurements [32].  

In our previous studies [23, 25, 26] linear dependence of 

the coefficient 𝑎2 on the temperature and concentration, and 

the quadratic dependence of 𝑎4 on the concentration, have 

been assumed to describe the observed phase diagrams of 

tetradecane + hexadecane within the Landau 

phenomenological model. Recently, those dependences have 

also been assumed for the solid – liquid equilibria in n-

tridecane [27]. 

As studied for the 𝑃 − 𝑋 and 𝑃 − 𝑇 phase diagrams, the 

pressure effect was also investigated on the thermodynamic 

quantities for the solid – liquid phase transition in the 

mixtures considered in this study. For that purpose, the order 

parameter, susceptibility and the thermodynamic quantities 

of heat capacity, entropy and enthalpy were predicted as a 

function of pressure at constant temperatures by means of the 

Landau phenomenological model on the basis of the 𝑃 − 𝑋 

and 𝑃 − 𝑇 phase diagrams for the mixtures studied here. For 
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the pressure dependence of the order parameter 𝜂, Eqs. (13) 

and (14) can be substituted into Eq. (4) at 𝑇 = 𝑇1 and  

𝑥 = 𝑥1, which gives 

 

𝜂2 = 𝜂𝑜
2(𝑃 − 𝑃1) (17) 

 

where 𝜂𝑜
2 = 𝑎21 𝑎40⁄ . Using Eq. (17), the order parameter 𝜂 

was calculated as a function of pressure at constant 

temperatures and mole fractions, as indicated  (Fig. 4) for the 

mixtures of n-tridecane (1) + n-hexane (1), n-hexadecane (1) 

+ n-hexane (2) and n-octadecane (1) + n-hexane (2). 

Similarly, for those three mixtures, the pressure 

dependence of the inverse susceptibility (𝜒𝜂
−1 ) was 

predicted at constant temperatures (and mole fractions), by 

means of Eq. (7). This was done by inserting Eq. (17) into 

Eq. (7) where the linear term in 𝜂 was considered. Thus, the 

pressure dependence of the inverse susceptibility 𝜒𝜂
−1 is 

given by 

 

𝜒𝜂
−1 = 𝜒0

−1(𝑃 − 𝑃1)1 2⁄  (18) 

 

where the amplitude is defined as 𝜒0
−1 = 4(𝑎21𝑎40)1 2⁄ . 

 𝜒𝜂
−1 versus 𝑃 plots are given in Fig. 4 for the mixtures of n-

tridecane (1) + n-hexane (2), n-hexadecane (1) + n-hexane 

(2) and n-octadecane (1) + n-hexane (2). 

Regarding the thermodynamic quantities of the heat 

capacity (𝐶), entropy (𝑆) and the enthalpy (𝐻), those 

functions were also calculated as a function of pressure at 

constant temperatures (at constant mole fractions). By means 

of Eq. (15) at constant concentration (mole fraction, 𝑥 = 𝑥1), 

the pressure dependence of the heat capacity 𝐶 through Eq. 

(8) is obtained as 

 

𝐶 = 𝐶0𝑇[−𝛼1 − 𝛼4(𝑃 − 𝑃1)]−1 2⁄  (19) 

 

Also, the pressure dependence of the entropy difference 

Δ𝑆 = 𝑆 − 𝑆𝑜 can be expressed by using Eq. (9) in Eq. (15) 

as 

 

Δ𝑆 = Δ𝑆𝑜[−𝛼1 − 𝛼4(𝑃 − 𝑃1)]1 2⁄  (20) 

 

where Δ𝑆𝑜 = −2𝐶0. The enthalpy difference Δ𝐻 = 𝐻 − 𝐻𝑜 

which is given by Eq. (10), can be written as 

 

∆𝐻 = Δ𝐻𝑜 𝑇[−𝛼1 − 𝛼4(𝑃 − 𝑃1)]1 2⁄  (21) 

 

with 𝐻𝑜 = −𝐶0 by means of Eq. (15). Using Eqs. (19) - (21), 

respectively, for the solid – liquid transition in the mixtures 

studied as also indicated for the predictions of the order 

parameter and susceptibility. 𝐶 − 𝑃, 𝑆 − 𝑃 and 𝐻 − 𝑃 plots 

at constant temperatures were predicted as given in Figs. (5-

7), respectively. Those thermodynamic functions (𝐶, Δ𝑆 and 

Δ𝐻) were normalized. The 𝛼0 and 𝛼4 values of Eq. (15) 

(Tables 4 and 5) are also given for 𝐶, Δ𝑆 and Δ𝐻 functions 

in Table 6. On the basis of our assumptions for the 

coefficients 𝑎2 (Eq. (13)) and 𝑎4 (Eq. (14)), the pressure 

dependences of the order parameter 𝜂 (Eq. (17)), the inverse 

susceptibility 𝜒𝜂
−1 (Eq. (18)), the heat capacity 𝐶  (Eq. (19)), 

the entropy difference Δ𝑆 (Eq. (20)) and the enthalpy 

difference ΔH (Eq. (21)) were calculated for the solid – liquid 

transition in the binary mixtures studied. These dependences 

are also in accordance with the temperature dependences of 

those functions based on our assumptions (𝑎2 and 𝑎4) for the 

tetradecane + hexadecane as studied previously [23, 26].  

 

 
Figure 3. P-T phase diagrams calculated according to the 

phase line equation (Eq. (15)) which was fitted to the 

experimental data [32] for the solid – liquid transition of the 

mixtures a) n-tridecane (1) + n-hexane (2) b) n- hexadecane 

(1) + n-hexane (2) c) n-octadecane (1) + n-hexane (2) at 

constant mole fractions indicated. Experimental data are 

also shown in the figure. 

 

This is because of the fact that the temperature 𝑇 varies 

linearly with the pressure 𝑃 for the binary mixtures studied 

here as measured experimentally [32]. In the case when 𝑇 

varies nonlinearly with the 𝑃, which can occur for some 

binary mixtures close to the solid – liquid transition, our 

assumption for the coefficient 𝑎2 is no longer valid to 
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describe the 𝑃 − 𝑇 phase diagram. However, the pressure 

dependence of 𝜂 (Eq. (17)), 𝜒𝜂
−1 (Eq. (18)), 𝐶 (Eq. (19)), Δ𝑆 

(Eq. (20)) and ΔH (Eq. (21)) can still be used by ignoring 

some higher order terms to describe the solid – liquid 

transition in those binary mixtures. 

 

 
   

Figure 4. Pressure dependence of the order parameter η and 

the inverse susceptibility 𝜒𝜂
−1 (normalized) at constant 

temperatures within the experimental temperature intervals 

[32] according to Eqs. (17) and (18), respectively, for the 

solid – liquid transition in the mixtures a) n-tridecane (1) + 

n-hexane (2) b) n- hexadecane (1) + n-hexane (2) 

 c) n-octadecane (1) + n-hexane (2).  

 

4. Discussion 

In this study, the temperature-concentration (𝑇 − 𝑋), the 

pressure-concentration (𝑃 − 𝑋) and the pressure-

temperature (𝑃 − 𝑇) phase diagrams were described 

theoretically by the Landau mean field theory. Those phase 

diagrams involve the phase separation between the liquid and 

solid phases. The Landau phenomenological model was used 

instead the Gibbs method of constructing of phase diagrams. 

Also, on this basis the thermodynamic functions of interest 

were calculated as a function of pressure for the binary 

mixtures studied, as stated above. 

 

 

 

 
   

Figure 5. Pressure dependence of the heat capacity C at 

constant temperatures within the experimental temperature 

intervals [32] according to Eq. (19) for the solid – liquid 

transition in the mixtures a) n-tridecane (1) + n-hexane (2) 

b) n- hexadecane (1) + n-hexane (2) c) n-octadecane (1) + 

n-hexane (2). 

 

𝑇 − 𝑋 phase diagrams of n-alkanes + n-cyclohexane at 

300 MPa (Fig. 1), 𝑃 − 𝑋 phase diagrams of n-alkanes + n-

hexane at constant temperatures (Fig. 2) and 𝑃 − 𝑇 phase 

diagrams of n-alkanes + n-hexane at constant concentrations 

(Fig. 3), which were obtained by fitting Eq. (15) to the 
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experimental data [32] are reasonably good. This shows that 

in the polynomial expansion (Eq. (15)), the cubic 

dependence of the concentration (mole fraction) on the 

temperature and pressure is adequate to describe the solid-

liquid transition in those binary mixtures studied. This also 

confirms the functional form of the temperature and pressure 

dependence of the coefficient 𝑎2 (Eq. (13)), and the 

concentration dependence of 𝑎4 (Eq. (14)) for the phase line 

equation (Eq. (5)) in the expansion of the free energy 𝐹𝑠 (Eq. 

(1)) which describes the solid-liquid transition in the binary 

mixtures of n-alkanes according to the Landau mean field 

theory. On the other hand, a linear dependence of some of 

the coefficients on the 𝑇 and 𝑋 variables to obtain, by a linear 

transformation, the phase diagram in the 𝑇 − 𝑋 phase, has 

been assumed [39]. Also, a nonlinear dependence on 

concentration of the free energy coefficients has been 

considered for the liquid – solid transition to construct the 

temperature – concentration phase diagrams of binary 

eutectic mixtures [40], as was assumed in the present study. 

Another approach by representing an excess Gibbs energy 

model [41], the effect of pressure on the liquidus curve in a 

(𝑇 − 𝑋) phase diagram has been studied for the binary 

mixtures (tetradecane + pentadecane and tetradecane + 

hexadecane) [21]. By means of the Landau 

phenomenological model which explains the observed 

behaviour of the 𝑇 − 𝑋 phase diagrams under pressure 

adequately, have been obtained for those binary mixtures in 

our recent study [25]. This also shows that the Landau mean 

field model is satisfactory to obtain the 𝑇 − 𝑋 phase diagram 

under high pressure, as we studied here for the binary 

mixtures of n-alkanes (1) + cyclohexane (2). As seen from 

the 𝑇 − 𝑋 phase diagrams at 300 MPa (Fig. 1), the melting 

temperatures (𝑇1) increase with the small decrease in the 

composition 𝑥1 of the cyclohexane for the n-alkanes namely, 

n-tridecane, n-hexadecane, n-octadecane and n-eicosine, 

respectively, on the basis of the experimental data [32]. Our 

𝑇 − 𝑋 phase diagrams (Fig. 1) show that the mixture of n-

tridecane (1)+n-cyclohexane (2) is somehow different from 

the other three mixtures, namely, n-hexadecane, n-

octadecane and n-eicosane, which follow almost the same 

phase line. This is mainly the variation of alkane molecule 

conformation and in –planar phase structure along with 

temperature. So that an increase in pressure can cause the 

composition and the structure of the different solid phases in 

this binary mixture. As noticed, the 𝑇 − 𝑇1 values of the n-

tridecane are much lower than those three mixtures (Fig. 1). 

Similarly, as in the 𝑇 − 𝑋 phase diagrams (Fig. 1), for the 

𝑃 − 𝑋 phase diagrams (Fig. 2) at constant temperatures, 

pressure increases as the concentration increases [32]. The 

melting pressure (𝑃1) increases as the temperature increases 

at a constant concentration (𝑥1) of n-hexane. 

This is shown for example, at 𝑥1 = 0.0232 (within the 

pressure range of 436.17 to 1163.74 MPa) for n-tridecane, 

𝑥1 = 0.0260 (pressure range of 469.45 to 1045.01 MPa) for 

 

Table 5. Values of the coefficients determined for the solid – liquid transitions in the n-alkanes (1) + n-hexane (2) according 

to Eq. (15) which was fitted to the experimental data [32] at constant mole fractions indicated. 

n-tridecane (1) + n-hexane (2) 𝒙𝟏 0.0232 0.1777 0.3158 0.5789 0.9237 

𝜶𝟎 (𝐊) 2.159 0.967 1.391 0.764 0.881 

𝜶𝟒  × 𝟏𝟎−𝟐(𝐊 𝐌𝐏𝐚⁄ ) 6.82 9.09 10.91 13.12 13.79 

n-hexadecane (1) + n-hexane (2) 𝒙𝟏 0.1 0.2765 0.5026 0.6002 0.9543 

𝜶𝟎 (𝐊) 2.185 1.249 1.242 0.978 0.678 

𝜶𝟒 (𝐊 𝐌𝐏𝐚⁄ ) 0.115 0.144 0.164 0.175 0.207 

n-octadecane (1) + n-hexane (2) 𝒙𝟏 0.1066 0.2509 0.3865 0.6200 0.9401 

𝜶𝟎 (𝐊) 1.472 0.853 1.131 2.314 1.268 

𝛼4 (K MPa⁄ ) 0.128 0.154 0.170 0.189 0.196 

 

Table 6. Values of the coefficients 𝛼0 and 𝛼4 according to Eq. (15) at 𝑥 = 𝑥1 for the n-alkanes (1) + n-hexane (2) as indicated 

at constant temperatures 𝑇1 and pressure 𝑃1, which were determined to predict the pressure dependence of C (Fig. 5), S (Fig. 

6) and H (Fig. 7). 

n-tridecane (1) + n-hexane (2)  

𝒙𝟏 = 𝟎. 𝟎𝟐𝟑𝟐  

𝛼4 = 6.821 × 10−2 (K MPa⁄ ) 

𝑻𝟏 (𝐊) 293.15 303.15 313.15 323.15 333.15 343.15 

𝑷𝟏 (MPa) 436.17 547.00 675.17 820.69 983.54 1163.74 

𝜶𝟎 (𝐊) 2.159 -0.282 -1.540 -1.614 -0.507 1.783 

n-hexadecane (1) + n-hexane (2)  

𝒙𝟏 = 𝟎. 𝟎𝟐𝟔𝟎 

𝛼4 = 8.576 × 10−2 (K MPa⁄ ) 

𝑷𝟏 (MPa) 469.45 548.68 645.85 760.97 894.02 1045.01 

𝜶𝟎 (𝐊) 2.884 -0.321 -1.199 -2.115 -0.705 2.244 

n-octadecane (1) + n-hexane (2)  

𝒙𝟏 = 𝟎. 𝟎𝟔𝟎𝟖 

𝛼4 = 1.131 × 10−2 (K MPa⁄ ) 

𝑷𝟏 (MPa) 238.60 305.71 383.16 470.94 569.05 677.49 

𝜶𝟎 (𝐊) 2.131 -0.280 -1.521 -1.594 -0.499 1.764 
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n-hexadecane and 𝑥1 = 0.0608 (pressure range of 238.60 to 

677.49 MPa) for n-octadecane on the basis of the 

experimental data [32].  

From our 𝑃 − 𝑋 phase diagrams (Fig. 2), we also see that 

the variation of 𝑃1 − 𝑃 with the 𝑥 − 𝑥1 is rather smooth for 

the n-tridecane (Fig. 2a) as compared to those of n-

hexadecane (Fig. 2b) and n-octadecane (Fig. 2c). So that for 

the n-tridecane (1) + n-hexane (2), the quadratic dependence 

of the concentration on the pressure, 𝑃1 − 𝑃 ∝   (𝑥 − 𝑥1)2, 

according to Eq. (15) can also describe the observed data 

[32]. Since the cubic dependence of concentration on the 

pressure (Eq. 15) was fitted at constant temperatures to the 

𝑃 − 𝑋 phase diagrams of binary mixtures studied (Fig. 2), 

the best curve-fitting was obtained although some 

experimental data points [32] do not coincide with the curve 

exactly in Fig. 2b. Of course, it is always possible to fit the 

data perfectly by choosing different functional forms (higher 

order polynomials or exponential functions). However, this 

contradicts with the theory outlined and the method of 

calculation given in this study. One possible explanation is 

that the method of analysis is not well satisfied in the case of 

n-hexadecane (1) + n-hexane (2) (Fig. 2b) as compared to the 

binary mixtures of n-tridecane (1) + n-hexane (2) (Fig. 2a) 

and n-octadecane (1) + n-hexane (2) (Fig. 2c). 

Note that the fourth order term was also considered in the 

concentration, (𝑥 − 𝑥1)4, in the expansion (Eq. (15)) to get 

the best fit for the 𝑇 − 𝑋 phase diagram (Fig. 2b). But, this 

did not change the curve-fitting and some data points were 

not exactly on the curve as before (Fig. 2b). Regarding the 

𝑃 − 𝑇 phase diagrams of those binary mixtures of n-alkanes 

(Fig. 3), pressure increases as the temperature increases at 

constant compositions, as stated above. In our plots (Fig. 3), 

some constant concentrations of the n-hexane (1) were 

arbitrarily chosen for the binary mixtures of n-tridecane, n-

hexadecane and n-octadecane by using the experimental data 

[32]. For the other constant compositions (𝑥1) between 0 and 

1 as given from the experimental measurements [32] of those 

mixtures, the same behavior can be expected in the 𝑃 − 𝑇 

phase diagrams for their solid-liquid transitions. Note that 

the 𝑇 − 𝑃 phase diagram for the high-pressure solid - liquid 

phase equilibria in synthetic waxes, in particular, melting 

curve of n-tridecane, has been obtained by the Landau mean 

field model using the experimental data [14], in our very 

recent study [27]. As indicated in the experimental study 

[14], the 𝑇 − 𝑃 variation is not too far from linearity and the 

average slope between atmospheric and 100 MPa was 

estimated (0.193 K/MPa), which also confirms our linear 

𝑇 − 𝑃 assumption in our study [27] and the present study. 

Note that increase in 𝑇 − 𝑇1 with the 𝑥 − 𝑥1 at 300 MPa 

as the concentration of n-alkanes (𝑥1) increases (Fig. 1) and 

also increase in 𝑃 − 𝑃1 with the 𝑇 − 𝑇1 at various 

concentrations (Fig. 3), occur above the melting point 

(𝑇1, 𝑃1) for the solid – liquid transition in the binary mixtures 

studied. On the other hand, as the 𝑥1 increases at constant 

temperatures, the pressure difference (𝑃1 − 𝑃) increases 

below the melting pressure (𝑃1) for the solid – liquid 

transition as given in Fig. 2. In terms of the binary mixtures 

studied, when n-cyclohexane (2) is concentrated with the n-

alkanes (1), the freezing temperatures (𝑇1) of these binary 

mixture increase at a constant pressure (300 MPa) (Fig. 1), 

whereas the transition pressure (𝑃1) decreases at constant 

temperatures (Fig. 2) for the binary mixtures as measured 

experimentally [32]. At constant concentrations of the n-

alkane (1) + n-cyclohexane (2) increasing the freezing 

temperature (𝑇1) requires higher pressures (𝑃1) (Fig. 3). 

For the 𝑇 − 𝑋 (Fig. 1), 𝑃 − 𝑋 (Fig. 2) and 𝑃 − 𝑇 (Fig. 3) 

phase diagrams, Eq. (15) with the cubic dependence of the 

concentration and linear dependence of the pressure on the 

temperature, is adequate to describe the observed behaviour 

of the phase diagrams for the binary mixtures studied, as 

stated above. Initially, Eq. (15) was fitted to the experimental 

data [32] for all those mixtures separately with the curves 

covering all the experimental data points (Figs. 1-3). Our 

fittings showed us in the case of the binary mixtures n-

hexadecane, n-octadecane and n-eicosane, their 𝑇 − 𝑋 phase 

diagrams exhibited similar behaviour for the solid – liquid 

transition, which was different from the mixture of n-

tridecane ( Fig. 1). On that basis, a single curve was obtained 

for those binary mixtures as shown in Fig. 1. This is the 

reason why some data points are not exactly on the curve. 

Thus, this single curve characterizes the observed behaviour 

of those binary mixtures regarding their solid – liquid phase 

transition. 

Note that instead of 𝑇 − 𝑋1, 𝑃 − 𝑋1 and 𝑃 − 𝑇 plots for 

the binary mixtures as given experimentally [32], 𝑇 − 𝑇1 

versus 𝑥 − 𝑥1 (Fig. 1), 𝑃1 − 𝑃 versus 𝑥 − 𝑥1 (Fig. 2) and 

𝑃1 − 𝑃 versus 𝑇 − 𝑇1 (Fig. 3) were plotted according to Eq. 

(15) in our treatment. This provides variation of the 

temperature (with respect to the freezing temperature 𝑇1) 

with the mole fraction 𝑥 of n-alkane (1) at 𝑃 = 300 𝑀𝑃𝑎 

(Fig. 1), variation of the pressure (with respect to the 

transition pressure 𝑃1) with the (𝑥 − 𝑥1) at constant 

temperatures (Fig. 2) and the variation of the 𝑃 − 𝑃1 with the 

𝑇 − 𝑇1 at constant concentrations (Fig. 3), as stated above. In 

particular, in the case of the 𝑇 − 𝑇1 versus 𝑥 − 𝑥1 plot (Fig. 

1), Eq. (15) was fitted to the experimental data [32] above 

𝑥1 = 0.2 up to 𝑥1 = 1.0 for the n-alkane (1) + cyclohexane 

(2), where n-alkanes (1) are n-tridecane, n-hexadecane, n-

octadecane and n-eicosane. Thus, the two discontinuous 

phase lines (above and below 𝑥1 = 0.2) which coincide at 

the triple points for those binary mixtures do not appear in 

our 𝑇 − 𝑇1 versus 𝑥 − 𝑥1 plot (Fig. 1). 

Also, in the case of the variation of 𝑃 − 𝑃1 with the 𝑇 −
𝑇1, at constant concentrations (Fig. 3), our fit is not 

reasonably well, in particular at 𝑥1 = 0.0232 (Fig. 3a), 𝑥1 =
0.1 (Fig. 3b) and 𝑥1 = 0.1066 (Fig. 3c), as shown by the 

symbol ▲ for the n-alkanes (1) + n-hexane (2). Our fits are 

good starting from the high concentrations (𝑥1 ≅ 0.92 −
0.95) of the n-alkanes (1). As the constant concentration (𝑥1) 

decreases, regarding the variation of 𝑃 − 𝑃1 with the 𝑇 − 𝑇1, 

it seems that Eq. (15) does not describe the 𝑇 − 𝑋 phase 

diagram satisfactorily. This would mean that the mean field 

model studied here, is probably inadequate to explain the 

observed 𝑃 − 𝑇 phase diagram of the n-alkanes (1) + n-

hexane (2) at very low concentrations (𝑥1). 

On the basis of the phase diagrams (𝑇 − 𝑋, 𝑃 − 𝑋 and 

𝑃 − 𝑇) for the binary mixtures of n-alkanes which were 

calculated, the pressure dependence of the order parameter, 

and susceptibility with the thermodynamic quantities of the 

heat capacity, entropy and enthalpy, were also predicted for 

the liquid-solid transition in those mixtures. According to 

Eq. (17), pressure dependence of the order parameter 𝜂 

(quadratic) from the Landau mean field theory, is 

satisfactory at constant temperatures for the n-alkanes (n-

tridecane, hexadecane and n-octadecane) + n-hexane, as 

shown in Fig. 4. The order parameter 𝜂 (normalized) 

decreases to zero as the transition pressure (𝑃1) is approached 
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at constant temperatures as indicated and it shifts to higher 

pressure values with increasing temperature (Fig. 4). The 

pressure dependence of the order parameter 𝜂 (Eq. (17)) is 

the same as the temperature dependence of 𝜓 (order 

parameter) (Eq. (12)) since the pressure (𝑃 − 𝑃1) is directly 

proportional to the temperature (𝑇 − 𝑇1) as shown for the 

binary mixtures (Fig. 3) on the basis of the experimental 

measurements [32]. Since the liquid phase has no ordering, 

the order parameter 𝜂 of the solid phase goes to zero as the 

temperature increases to the melting temperature (𝑇1) or the 

pressure increases to the melting pressure (𝑃1) for the solid – 

liquid transition, as obtained for the binary mixtures studied 

(Fig. 4). 

Considering the quadratic dependence of the order 

parameter 𝜂 on the pressure (Eq. (17)) or its temperature 

dependence (Eq. (4)) through Eq. (13) with the critical 

exponent 1 2⁄  according to 𝜂 ∝ (𝑇 − 𝑇1)1 2⁄ , the transition 

can change its character from the first order to a second order 

or vice versa within the extended mean field model [34] 

when the order parameter is calculated from the heat capacity 

(Eq. (11)) according to Eq. (12) with the critical exponent 

𝜙 = 1 4⁄ . This indicates that the discontinuous (first order) 

change can become a continuous one (second order), which 

is tricritical transition with the critical exponent value 1 4⁄  of 

the order parameter within mean field theory [42, 43]. 

Experiments can examine the critical behavior of the order 

parameter as measured at various temperatures and pressures 

for the binary mixtures studied here. 

Similarly, the pressure dependence of the inverse 

susceptibility (𝜒𝜂
−1) that was obtained for the mixtures of 

n-alkanes at constant temperatures (Fig. 4), exhibits the 

behavior as expected from the Landau phenomenological 

model according to Eq. (7) where the order parameter 𝜂 (Eq. 

(17)) was used. Since the functional form of the inverse 

susceptibility of the order parameter as a function of the 

pressure (Eq. (18)) is the same as the order parameter 𝜂 (Eq. 

(17)), it decreases with the pressure and it approaches to zero 

at the transition pressure (𝑃1) for those binary mixtures 

studied. That is why we plotted 𝜂 (normalized) and 𝜒𝜂
−1 

(normalized) as a function of pressure in the same figure 

(Fig. 4) for the solid – liquid transition in the binary mixtures 

studied. As in the case of the order parameter 𝜂 (Fig. 4), the 

normalized inverse susceptibilities increase in their values as 

the temperature increases (Fig. 4). When the order parameter 

(𝜂) and the inverse susceptibility (𝜒𝜓
−1) of the order 

parameter are normalized according to Eqs. (17) and (18), 

respectively, as a function of pressure at constant 

temperatures they characterize the same solid – liquid 

transition in the binary mixtures studied (Fig. 4), as stated 

above.  

Since the melting pressure increases as the temperature 

increases (Fig. 3), the susceptibility 𝜒𝜓 (response function) 

of the order parameter, increasing with the temperature also 

increases (or the inverse susceptibility decreases) with the 

pressure at constant temperatures. This occurs at constant 

temperatures from 293.15 to 343.15 K, accompanied with 

the increasing the melting pressure. This is shown also in the 

inverse susceptibility as the order parameter for the solid – 

liquid transition in the mixtures studied (Fig. 4). Note that for 

the variation of 𝜒𝜂
−1 with the pressure, only the linear term 

in 𝜂 was considered with the critical exponent 1 2⁄  of 𝜂 (Eq. 

(17)), which is the dominant term as compared to the 𝜂3 term 

(Eq. (7)) with the exponent 3 2⁄ . 

 

   
Figure 6. Pressure dependence of the entropy difference ∆𝑆 

at constant temperatures within the experimental 

temperature intervals [32] according to Eq. (20) for the solid 

– liquid transition in the mixtures a) n-tridecane (1) + n-

hexane (2) b) n- hexadecane (1) + n-hexane (2) c) n-

octadecane (1) + n-hexane (2). ∆𝑆 is normalized (∆𝑆 ∆𝑆𝑜⁄ ) 

where ∆𝑆𝑜 = 2𝐶𝑜 (Eq. (20)). 

 

Regarding the thermodynamic quantities of the heat 

capacity (𝐶), entropy (𝑆) and the enthalpy (𝐻), the extended 

mean field model [34] was employed according to Eqs. (8), 

(9) and (10), respectively, as stated above. The pressure 

dependence of the heat capacity which was calculated by 

means of Eq. (19), shows divergence behaviour with the 

critical exponent 𝛼 = 1 2⁄ , as expected from the extended 

mean field model [34]. This occurred at constant 

temperatures from 293.15 K to 343.15 K for the binary 
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mixtures of n-tridecane + n-hexane, n-hexadecane + n-

hexane and n-octadecane + n-hexane (Fig. 5). As seen from 

this figure, variation of the heat capacity 𝐶 (normalized) is 

considerably sharp with the pressure at 293.15 K as 

compared to the other constant temperatures for n-tridecane 

(Fig. 5a). Also, its magnitude is higher at this temperature 

(𝑇 = 293.15 𝐾) in comparison with those at the other 

temperatures for all the three mixtures (Fig. 5).  

It can be considered that in a very small temperature 

interval close to the freezing temperature 𝑇1, the heat 

capacity (𝐶) diverges largely as a function of temperature at 

zero pressure (𝑃 = 0) according to Eq. (8) for the liquid – 

solid transition. Correspondingly, a large divergence 

behaviour of the heat capacity can occur in a very small 

pressure interval close to the transition pressure 𝑃1 as a 

function of pressure at the room temperature  

(𝑇 = 293.15 𝐾) under the experimental conditions (𝑃 = 0, 

𝑇 = 293.15 𝐾) according to Eq. (19) for the liquid – solid 

transition. This is a possible explanation why the critical 

behaviour of the heat capacity (𝐶) as a function of pressure 

at 293.15 K, is different from those at higher temperatures 

for the solid – liquid transition in the n-alkanes (1) + n-

hexane (2) mixtures (Fig. 5). We see that the heat capacity 

(𝐶 𝐶0⁄ ) increases smoothy with the increasing pressure 

(except at 293.15 K) at the constant temperatures indicated 

for those binary mixtures as studied here (Fig. 5). Pressure 

dependence of the heat capacity exhibits similar critical 

behavior for those three mixtures close to their liquid-solid 

transition according to the extended mean field model which 

can be examined experimentally for those binary mixtures. 

On the basis of the critical behavior of the heat capacity 

(𝐶) at various pressures for constant temperatures (Fig. 5), 

the entropy difference Δ𝑆 and the enthalpy difference Δ𝐻 are 

also expected to exhibit similar behavior with the pressure 

(at constant temperatures), according to Eqs. (20) and (21), 

which are shown in Figs. 6 and 7, respectively, for the three 

binary mixtures, namely, n-tridecane + n-hexane, n-

hexadecane + n-hexane and n-octadecane + n-hexane close 

to their solid-liquid transition. 

This is due to the fact that the pressure dependences of 

the Δ𝑆 (normalized) and Δ𝐻 (normalized) are in the same 

functional form except that Δ𝐻 is divided by the temperature 

𝑇 (constant), as given by Eqs. (20) and (21), which were 

plotted in Figs. (6) and (7), respectively. Since both functions 

(Δ𝑆 and Δ𝐻) were derived from the heat capacity 𝐶, their 

temperature (Eqs. (9) and (10)) or pressure (Eqs. (20) and 

(21)) dependences exhibit within the extended mean field 

model [34] similar solid – liquid transition for the binary 

mixtures studied. This was examplified for the order 

parameter 𝜂 and the inverse susceptibility 𝜒𝜓
−1 (Fig. 4) also 

in the present study. Note that similar to our treatment, 

entropy and enthalpy were calculated based on the heat 

capacity curve fitting for the experimental measurements of 

n-alkanes in a wide temperature range from 1.9 K to 370 K 

using differential scanning and adiabatic calorimetry method 

[36]. As indicated in our previous study [21], the difference 

in the enthalpy ∆𝐻 as the observed heat of fusion, increases 

with increasing temperature, which was observed 

experimentally for the tetradecane + hexadecane. Since 𝑇 is 

directly proportional to the pressure as assumed here (Eq. 

(15)) with the 𝑃 − 𝑇 phase diagrams (Fig. 3) for the binary 

mixtures studied here, enthalpy (∆𝐻) should be increasing 

with the pressure (or negative ∆𝐻 decreases with 𝑃), as given 

in Fig. 7 for those binary mixtures. 

Similar behaviour of the Δ𝑆 and Δ𝐻 due to the critical 

behaviour of the heat capacity from the extended mean field 

model [34] which can be tested by the measurements of those 

quantities for the solid-liquid transitions of the binary 

mixtures as studied here. 

 

   

Figure 7. Pressure dependence of the difference ∆𝐻 at 

constant temperatures within the experimental temperature 

intervals [32] according to Eq. (21) for the solid – liquid 

transition in the mixtures a) n-tridecane (1) + n-hexane (2) 

b) n- hexadecane (1) + n-hexane (2) c) n-octadecane (1) + 

n-hexane (2). ∆𝐻 is normalized (∆𝐻 ∆𝐻𝑜⁄ ) where ∆𝐻𝑜 = 𝐶𝑜 

(Eq. (21)). 

 

5. Conclusions 

The free energy of the solid phase was expanded in terms 

of the solid phase under pressure for the solid – liquid 

transition in the binary mixtures of n-alkanes within the 



 
062 / Vol. 27 (No. 1)     Int. Centre for Applied Thermodynamics (ICAT) 

framework of the Landau phenomenological model. The 𝑇 −
𝑋 (at 300 MPa), 𝑃 − 𝑋 (at constant temperatures) and 𝑃 − 𝑇 

(at constant concentrations) phase diagrams were obtained 

for those binary mixtures by using the experimental data 

from the literature. Cubic dependence of the concentration 

on the temperature (𝑇 − 𝑋) and the linear dependence of the 

pressure on the temperature (𝑃 − 𝑇) were considered in our 

treatment. The 𝑇 − 𝑋 phase diagram of n-alkanes (1) (n-

hexadecane, n-octadecane and n-eicosane) + cyclohexane (2) 

was represented by a single non-linear curve, whereas for the 

n-tridecane (1) + cyclohexane (2) 𝑇 varied almost linearly 

with 𝑥. The pressure dependences of the order parameter, 

susceptibility, heat capacity, entropy and the enthalpy, were 

also predicted for the mixtures studied. Those predictions 

studied as a function of pressure can be tested experimentally 

for the binary mixtures at constant temperatures and 

concentrations. This can explain the pressure effect on the 

phase diagrams and on the thermodynamic functions to 

describe the mechanism of the solid – liquid transition in the 

binary mixtures for future studies. 

 

Nomenclature 
𝑇 temperature (K) 

𝑇1 melting temperature (K) 

𝑥 concentration (mole fraction) (%) 
𝑥1 melting concentration (%) 

𝑃 pressure (MPa) 

𝑃1 melting pressure (MPa) 

𝜂 order parameter 

𝜒𝜂 order parameter susceptibility 

𝐹 free energy (J mol⁄ ) 

𝐶, 𝐶0 heat capacity (J mol⁄ .K) 

𝑆, 𝑆0 entropy (J mol⁄ .K) 

𝐻, 𝐻0 enthalpy (J mol⁄ ) 
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