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Abstract
The aim of this paper is to introduce almost generalized proximal (o« —1p — ¢ — 6)-weakly contractive mappings with rational
expressions and prove the best proximity point theorems for such mappings. The main results of this paper are generalizations

of several comparable results in the literature.
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1. Introduction

The existence and uniqueness of a fixed point of non-self mappings is one of the interesting subjects
in fixed point theory. In fact, given nonempty closed subsets A and B of a complete metric space (X, d), a
contraction non-self-mapping T : A — B does not necessarily yield a fixed point Tx = x. In this case, it is
very natural to investigate whether there is an element x such that d(x, Tx) is minimum. A notion of best
proximity point appears at this point. Let (X, d) is a metric space, and A, B are subsets of X. A point x is
called best proximity point of T: A — B if d(x, Tx) = d(A, B), where d(A, B) =inf{d(x,y) : x € A,y € B}.

A best proximity point represents an optimal approximate solution to the equation Tx = x whenever
a non-self-mapping T has no fixed point. It is clear that a fixed point coincides with a best proximity
point if d(A,B) = 0. Since a best proximity point reduces to a fixed point if the underlying mapping
is assumed to be self-mappings, the best proximity point theorems are natural generalizations of the
Banach’s contraction principle.
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In 1969, Fan [16] introduced the notion of a best proximity and established a classical best approxi-
mation theorem. Subsequently, many researchers have studied the best proximity point results in many
ways (see in [12, 19, 20, 22, 24, 32-34, 37]).

The concept of b-metric space is a generalization of a metric space that was introduced by Bakhtin [6].
In 1989, Bakhtin [6] introduced the concept of b-metric space and presented the contraction mapping in
b-metric spaces and later extensively used by Czerwik in [9, 10]. The first important difference between a
metric and a b-metric is that the b-metric need not be a continuous function in its two variables, see [25,
Example 13]. This led to many fixed point theorems on b-metric spaces being stated, so the readers may
refer to [1-4, 7, 14, 17, 18, 27-31, 35, 38] and references therein.

2. Preliminaries

We recall the main concepts needed to present our results.
Let A and B be two nonempty subsets of a metric space (X, d). We denote by Ay and By the following
sets:

Ag={x € A:d(x,y) =d(A,B) for somey € B},
Bo={y € B:d(x,y) =d(A,B) for some x € A},

where d(A,B) = inf{d(x,y) : x € A,y € B}. We refer to [24] for sufficient conditions that guarantee that
Ao and By are nonempty.

Definition 2.1 ([10]). Let X be a non-empty set and d : X x X — [0, 00) be a function such that for all
x,Y,z € X and some s > 1,

(1) d(x,y) =0if and only if x =y;

(2) d(X/U) = d(y/X)}

(3) d(x,y) < sld(x,z) +d(zy)l.

Then d is called a b-metric on X and (X, d, s) is called a b-metric space.

Definition 2.2 ([10]). Let (X, d, s) be a b-metric space. Then
(1) A sequence x, is called convergent to x, written limn o0 Xn = X, if limn ;0 d(xn, x) = 0.

(2) A sequence xy, is called Cauchy in X if limn,m—00 d(Xn, Xm) = 0.
(3) (X,d,s) is called complete if each Cauchy sequence is a convergent sequence.

Lemma 2.3 ([1]). Let (X,d,s) be a b-metric space and limn_, o0 Xn = X, limp 00 Yyn =y. Then

(a)

1
s—zd(x,y) < lirrl)inf d(xn,Yn) < limsup d(xn,yn) < szd(x,y).
n o

n—oo
In particular, if x =y, then limn 00 d(Xn,Yyn) =0.
(b) Foreachz € X,

1
—d(x,z) < liminfd(xn,z) < limsup d(xn,z) < sd(x,z).
N n—oo n—oo

Definition 2.4 ([23]). Let @ denote the set of all functions ¢ : [0, c0) — [0, c0) which satisfy
(i) ¢ is continuous and nondecreasing;

(i) ¢(t) =0 if and only if t = 0.

Definition 2.5. Let ¥ denote the set of all functions \ : [0, co) — [0, 00) which satisfy lim_,+ (t) > 0 for
all r > 0 and lim¢_,o+ P(t) = 0.
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Definition 2.6. Let © denote the set of all functions 0 : [0, 00) — [0, c0) which satisfy

(i) © is continuous;
(ii) 8(t) =0if and only if t = 0.

In 1975, Dass and Gupta [11] extended the Banach contraction principle through rational expressions
as follows.

Theorem 2.7 ([11]). Let (X, d) be a complete metric space and T : X — X be a self map of X. If there exist o, 3 > 0
with « 4+ B < 1 satisfying
d(y, Ty)[1 + d(x, Tx)

]
1+ d(x,y) +Bdixy)

d(Tx, Ty) < «

forall x,y € X, then T has a unique fixed point in X.

Theorem 2.8 ([15]). Let (X, d) be a complete metric space and let T : X — X be a self map of X. If there exist
U, @ € O such that

@(d(Tx, Ty)) < @(dlxy)) —b(dlx ),
forall x,y € X. Then T has a unique fixed point in X.

Doric [13] extended Theorem 2.8 to a pair of self maps by replacing the monotonicity and continuity
of P by lower semi continuity, and Doric’s result for the case of single self map is the following.

Theorem 2.9 ([13]). Let (X, d) be a complete metric space and let T : X — X be a self maps of X. If there exist
@ € ©and P € V¥ such that

@ (d(Tx, Ty)) < @(M(x,y)) = (M(x,y)),
for all x,y € X, where

1
M(x,y) = max {d(x,y), d(Tx,x),d(Ty,y), E[d(y,Tx) + d(x, Ty)l } (2.1)
Then T has a unique fixed point in X.

Recently, Chandok et al. [8] introduced the following class of functions and used these functions to
define weakly contractive maps.

Y, = {11) :[0,00) = [0,00)| for any sequence {xn} € [0,00) with x, =t >0, linnlinfll)(xn) > 0}.

In 2015, Chandok et al. [8] improved condition (2.1) of Theorem 2.9 by involving rational expressions
using P € ¥; and proved the following.

Theorem 2.10 ([8]). Let (X, d, <) be a partially ordered complete metric space. Let T : X — X be a continuous and
non-decreasing mapping of X. Assume that there exist @ € ® and \p € ¥q such that

@(d(Tx, Ty)) < e(M(x,y)) —b(N(x,y)),
forall x,y € X, where

y, Ty)[1+d(x, Tx)] d(y, Tx)[1 + d(x, Ty)]

I
M(X/y) _max{ 1+d(x,y) ! 1+d(XIU)

,d(x,y)},

and
y, Ty)[1 + d(x, Tx)]

1+d(x,y)
If there exists xo € X with xo < Txo, then T has a fixed point.

N(x,y):max{d( ,d(x,y)}.
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Babu Gutti and Pathina [5] introduced (¢, )-almost generalized weakly contractive map as follows.

Definition 2.11 ([5]). Let (X, <, d) be a partially ordered metric space. Let T : X — X be a self map of X. If
there exist ¢ € @ and VP € ¥; such that

¢(d(Tx, Ty)) < ¢ (Mi(x,y)) —b(Ma(x,y)) + LN(x,y),
for all x,y € X, with x <y where
y, Ty)[1+d(x, Tx)] d(y, Tx)[1+d(x, Ty)]

o
M (x,y) = max { T+ d0xy) , T+ d0x,y) ,d(x,y)}, (2.2)
M (x,y) = max { dly, Eyj_[ld&d;;(' )] ,d(x,y)}, (2.3)

and
d(y, Tx)[1 + d(x, Ty)]}
1+ d(x,y) !

then we say that T is a (¢, \)-almost generalized weakly contractive map on X.

N(x,y) = min {d(x, Tx), d(y, Ty), d(y, Tx), (2.4)

Samet et al. [36] defined the notion of x-admissible mapping as follows.

Definition 2.12 ([36]). Let « : X x X — [0, 00) be a function. We say that a self-mapping T : X — X is
a-admissible if
x,yeX, oaxy)=>1=««(TxTy)>1.

Karapinar et al. [21] introduced the notion of triangular x-admissible mapping as follows.

Definition 2.13 ([21]). Let oc : X X X — [—00, 00) be a function. We say that a self-mapping T : X — X is
triangular x-admissible if
x,yeX, «xyl=>1=uTxTy) >1,

and
(x, z)

>1
x(z,y) > 1

4

XY,z € X, { = a(x,y) > 1.

Kumam et al. [26] defined the notion of triangular a-proximal admissible as follows.

Definition 2.14 ([26]). Let A, B be two nonempty subsets of a metric space (X,d) and «: A x A — [0, o0)
be a function. We say that a non-self mapping T : A — B triangular a-proximal admissible if, for all
X,Y,2,X1,X2, U1, U € A,

x(x1,%2) = 1, .
(T1) d(ug, Txy) = d(A,B), = a(u,up) >1, (T2) {z X,z

1,
(z,y) =1
d(up, Txp) = d(A, B)

= ax,y) > 1.

\VARVY

The main purpose of this paper is to introduce almost generalized (x —1 — ¢ — 0)-proximal weakly
contractive mapping with rational expression and to prove the best proximity point theorem for such
mappings. In this way, we use the conditions (2.2), (2.3), and (2.4) of Definition 2.11 without taking
P € ¥q. Our results generalize several comparable results in the recent literature.

3. Main results

In this section, we first define the notion of almost generalized («x —1 — ¢ — 0)-proximal weakly
contractive mapping with rational expression. Then we proof best proximity point theorem for such
mapping.

Definition 3.1. Let (X, d) be a b-metric space. Let A,B be nonempty subsets of X, and T : A — B be

mappings. We say that T is an almost generalized («x —1 — ¢ — 0)-proximal weakly contractive mapping
for all x1,x2,uj,up € A, if thereexist x : Xx X - Rand{p eV, € ® and 6 € © and some L > 0, we
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have

d(ul,Txl) = d(A,B),
d(uz,sz) = d(A,B),

On the other hand,

= a(x1, %) (s’ d(u1, 1)) <Y (M1(x1,%2)) — @(Ma(x1,%2)) + LO(N(x1,%2)).  (3.1)

dx2, up {1+ d(xq,u1)} dxo, ug){1+d(xq,uz)}
1+d(X1,X2) ! 1+d(X1,X2)
d(x2, up {1+ d(xq,u1)} dlxy, x )}
1+d(X1,X2) ’ 1, X2 ’

M (x1,%2) :max{ /d(XLXZ)}/

Ma(x1,%x2) = max{

dx2,ug {1+ d(Xl,uz)}}
1+ d(xq,x2) '

Theorem 3.2. Let (X, d) be a complete b-metric space. Let A, B be nonempty closed subsets of X such that Ay # 0.

Let T : A — B be a mapping satisfying the following conditions:

(@) T is continuous and T(Ag) C Byg;

(b) T is triangular «-proximal admissible;

(c) Tis an almost generalized (x —p — @ — 0)-proximal weakly contractive mapping on A;
(d) there exist elements xg,x1 € Ag such that

d(Xl,TX()) = d(A,B) and oc(xo,x1) = 1.

Then T has a best proximity point. Further, the best proximity point is unique if for all x,y € A such that
d(x, Tx) = d(A,B) = d(y, Ty), we have «(x,y) > 1.

Proof. Let xo,x1 € Ag such that
d(xq,Txg) = d(A,B) and o(xg,x1) > 1.

Therefore, x; € Ay, since T(Ag) C Bp and T is triangular «-proximal admissible there exists x, € Ag such
that

N (Xll XZ) = min {d(Xl,LL]), d(XZI U-Z)/ d(XZI U.l),

d(xy, Tx1) = d(A,B) and o(x1,%x2) > 1.
Continuing this process, we obtain a sequence {x,,} in Ag such that for all n € IN,
x(Xn—1,%n) 2 1,
d(xn, Txn—1) = d(A,B),
d(xn41, Txn) = d(A, B).
Since, T is an almost generalized (x —1 — ¢ — 0)-proximal weakly contractive mapping, we have

P (d(Xn, Xn+1 )) < (S3d(xn/ Xn+1))

< a(xn—1,%n )P (SBd(an Xn+1)) 3.2)
< WP(Mi(xn-1,%n)) — @(Ma(xn-1,%n)) + LO(N(xn_1,%n)),

for all n € N, where

d(xn, Xn+1 {1+ d(xn_1,%xn)} d(xn, xn {1+ d(xn_1, Xn+1)}
1+ d(Xn_l,Xn) ’ 1+ d(xn—llxn)

Mi(Xn_1,Xn) = max { ,d(Xn—1,%n) },

= maX {d(xn; Xn+1)/0/ d(xn—llxn)}l

= max {d(xn, Xn4+1), d(Xn—1,%n)},
d(xn, Xn41){1+d(xn—1,%xn)}
1 + d(xnflzxn)

= max {d(xﬂ/ XTL+1)/ d(xnfl/ XTL)}/

Ma (x4, %n) = max { dlxn1,xn) }, (33)

d(xn, xn {1+ d(anlIXTLJrl)}}

N(Xn—1,%n) :min{d(xnflrxn)r d(XnIXnJrl)/ d(xn,xn), T+ d(xn1,%n)
n—1,X%n

= min {d(Xn_l,Xn), d(XTL/ Xn+l)1 0, O} =0.
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By applying the inequality (3.2) and using (3.3) we have

ll)(d(xmxnﬂ)) < 1])(33d(xn,xn+1))
< w(max {d(xn, xn+1), d(an,xn)}) - (p(max {d(xn, Xn41), d(Xn—lzXn)})z (3.4)

< 11’ ( max {d(xn/ Xn+1)r d(xn—lr Xn) }) .

If
max {d(xn, Xn+1), d(Xn—1,%n) } = d(Xn, Xn11),

then by (3.4), we have

d)(d(xn, Xn+1)) < ll)(d(xnr Xn+1)) - (P(d(xnrxn+1))/ < lI)(d-(x'ru Xn+1))'

which gives a contradiction. Thus,
max {d(xnl Xn+1), d(Xn—1,%n) } = d(xn-1,%n)-

Therefore (3.4), becomes

1|)(d(Xn, Xn+1)) < 1l)(d(Xn_1,Xn)) - (P(d(xn—lrxn))/ < ll)(d(xn—lrxn)) for eachn € IN. (3.5)

Since \ is a non-decreasing mapping, it follows by (3.5) that d(xn,Xn 1) is @ non-increasing sequence of
positive numbers which is bounded from below. So, there exists r > 0 such that

Iim d(xn,Xng1) =7.
n—oo

Now, we claim that r = 0. On the contrary, assume that

Iim d(xn,Xn41) =1 > 0.
n—oo

Since P and ¢ are continuous, it follows by taking limit as n — oo in (3.5) that

() = Tim b(dlxn,xne1)) < lm b (dlen1,x) = lim @ (dlen—1,x)) < () - o(r) < b(r).

n—oo

Therefore, @(r) = 0, and hence r = 0. Thus, we have

lim d(xn,xny1) =0. (3.6)

n—o0

Now, we show that {x,, } is a b-Cauchy sequence in X. Suppose the contrary, that is, {x, } is not a b-Cauchy
sequence. Then there exists € > 0 for which we obtain two subsequences {x,, (i)} and {xy (i)} of {xn} with
n(i) > m(i) > i such that

d(Xm(i), Xn(1)) = € (3.7)

and
d(Xm (i), Xn(i)-1) < €. (3.8)

From (3.7) and (3.8) and by using the triangular inequality in a b-metric space, we obtain that
€ < d(xn(i), Xm(i)) < sA(Xn i), Xn(i)—1) +5d(Xn (1)1, Xm(1)) < sd(Xn(i), Xn(i)—1) + S€. (3.9)
Taking the upper limit as i — oo and using (3.6), we obtain

€ < limsup d(Xm (i), Xn(i)) < s€. (3.10)

1—00
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Also,
€ < d(xmi), Xn(')) < sd(Xm (i), Xn(i)+1) +5d(Xn (1)1, Xn (1))
< 82 d(Xm (i), Xn (i) + 52 (Xn (i), Xn(i)+1) + 5A(Xn ()41, Xn (1))
< 82 d(Xm (i), Xn (i) + (8% 4 8)d(Xn (i), Xn (i) 11)-

So, from (3.6) and (3.10), we have

< limsup d(Xpm (i), Xn(i)+1) < s%e. (3.11)

i—o00

m\m

Also,

7]

< d(xn( Yy Xm(i )+1) +Sd(xm )+1 Xm(i ))
< 82 d(Xn (1), Xm (1)) + 57 (Xm (1), Xam (1) 11) + $A(Xm (1) 11 Xm (1))
< Xn (1), Xm(i)) + (82 + 8)d(Xm (1), Xm (1) +1)-

So, from (3.6) and (3.8), we have

»w|m

<limsup d(%n (i), Xm(i)+1) < s%e. (3.12)

i—00
Also,
d(Xm ()41, Xn (1) < sAXm(i)+1, Xn(i)+1) T SAXn(i)+1, Xn (1)),

from (3.6) and (3.12), we have
€
— < limsup d(Xn (1)4+1, Xm(1)+1)- (3.13)

2
S i—o0

Taking (3.6), (3.8), (3.11) and (3.13) into account, we have

d(xn (i) Xn(i +1){1+d(xm ) Xem (1) 41)}

lim sup M1 (X (i), Xn (1)) = max { lim sup

i—o00 i—o00 1 + d( )7 Xn(i )) ’
. d(xn(') +1){1 + d(xm rXn(i )+1)}
lim sup ,
i—o00 1 + d(xm s Xn(i ))

s2e(1 + s%e) se)}—se
1+se 7 T

d(Xn (1), X (i 14+ d(Xm (i), Xm (i
hmsup Mz(Xm( L Xnt )) _ max{limsup ( n(i) n(1)+1){ ( m(i) m(1)+l)}
i—00 i—00 1+ d(xm(i)rxn(i))

lim sup d(Xm (1), Xn (i ))},< max{d(O,

i—o00

7

lim sup d (X (i), Xn (i ))} < max{0, se} = se,

i—o00

hmsupN(xm( ) Xn(i)) :min{hmsup d(Xm (i), Xm(i)+1), imsup d(Xp (i), Xn(i)+1),
i—00 1—00 i—o0

7

d(xn (i), Xm(i)+1){1 + d(xmi), Xn i )+1)}}

lim sup d (% (1), Xm(i)+1), limsup 1—|—d(x X ())
m 1 7 MMl

i—00 i—o0
s2e(1+ s%e) } 0

= min {0, 0, s2e,
1+se

Now, using inequality (3.1), we have

W(se) = ¢(53 ) s%) < 1p<s lim sup d (X (i)+1, Xn (i )+1)>

i—o00
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= limsup (S3d(xm(i)+1rxn(i)+1))

1—00

< limsup &(Xm (i), Xn (i) (S3d(xm(i), Xn (i) ))

1—00

< limsup [IP(M1 (Xm(i),Xn (1)) — @ (M2 (Xm (i), Xn(i))) + LO(N(Xm 1), Xn (i) ))]

1—00

< WP(se) —@(se) <(se),

which is a contradiction. So we conclude that {x,} is a cauchy sequence. Since X is complete b-metric
space and A is a closed subset of X, there exists X in A such that x,, — x. Since T is continuous, it follows
that Tx,, — Tx. Thus, we have

d(xni1, Txn) — d(x, Tx).

On the other hand, d(xn 1, Txn) = d(A, B). Therefore d(x, Tx) = d(A, B). That is x is best proximity point
of T.

As for the uniqueness of best proximity point, we now assume that there exist x, u € A. Thus we have

a(x,u) >1,
d(x, Tx) = d(A, B),
d(u, Tu) = d(A,B).

Since, T is an almost generalized (x —1 — ¢ — 0)-proximal weakly contractive mapping, we have

P(d(x, ) <P(sPdx,u) < alx, W (s’dx,u) < P(Mi(x,u)) — @ (Ma(x, 1) +LO(N(x,u)),
P(d(x,u) < Pp(dlxu) —e(dxu), < d(d(x,u).

This implies that d(x, u) = 0 = x = u. Therefore, the best proximity point of T is unique. O

Theorem 3.3. Let (X, d) be a complete b-metric space. Let A, B be nonempty closed subsets of X such that Ay # 0.
Let T: A — B be a mapping satisfying the following conditions:
(a) T(Ao) € Bo;
(b) T is triangular «-proximal admissible;
(c) Tis an almost generalized (x —p — @ — 0)-proximal weakly contractive mapping on A;
(d) if {xn} is a sequence in A such that &(xn,Xn11) = 1and xn = x € A, then &(xn,x) > 1 foralln € IN;
(e) there exists an elements xo,x1 € Ag such that
d(x1, Txo) = d(A,B) and o(xp,x1) > 1.
Then T has a best proximity point. Further, the best proximity point is unique if for all x,y € A such that
d(x, Tx) = d(A, B) = d(y, Ty), we have «x(x,y) > 1.
Proof. Following the proof of Theorem 3.2, we can choose a sequence {xn} C Ag such that

a(Xni1,xn) =1, dlxny1, Txn) = d(A, B)

for all n € IN. Also, {xn,} is a Cauchy sequence and Ay is closed, there exists an x € Ay such that x, — x,
and by assumption, x(xn,x) > 1. As T(Ag) C By, there exists u € A such that

d(u, Tx) = d(A, B). (3.14)

Therefore, we have
OC(XH_, X) 2 1/
d(xn+1/TXn) = d(A/B)/
d(u, Tx) = d(A,B).
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Since T is an almost generalized (x —1 — ¢ — 0)-proximal weakly contractive mapping on A, we have

(xn, X)W (s*d(xn41, 1))

P(dxni1,w) < U(Pd(xni,w) < o
1|)(M1(xn,x)) - (P(MZ(XTUX)) + L6 (N (Xn/X))/

S 3.15
< (3.15)

for all n € IN, where

B dix, u{l+ d(xn, xn41)} d(x, xnp1){1+ d(xn, W)}
M (xn, x) = max { 1+ d(xn,x) ’ 1+ d(xn,x)  d0xn, X) }'
Ms(xn, x) = max { dlx, u)l{iz&(xn;;nﬂ)}, d(xn,x) },

LA (R EANRY

N (XTLIX) =min {d(xﬂ.l XTL+1)/ d(xl u)l d(xl XTL+1)/ 1 i d(X X)
nrs

On letting n — oo, we get

Iim M;j(xn,x) = max {d(x, u),0, d(u,x)} =d(x,u),

n—oo

im Mj(xn,x) = max {d(x, u), d(u, x)} =d(x,u),
n—oo
lim N(xn,x) = min {d(u,x), d(x, u),0,0} =0.
n—oo

Taking limit superior on both sides of the inequality (3.15), we have

P(dx,u) < P(sPdxu) < o, x)p(s’d(x,u) < P(dx,u)) —e(dx,w) +L.0 < P(d(x,u)),

which is contradiction and this implies that d(x,u) = 0 that is u = x. Then from (3.14), we have d(x, Tx) =
d(A, B). The proof of uniqueness is similar to the one in Theorem 3.2. O

If T is a self mapping in Theorem 3.2 and Theorem 3.3, then we get the following.

Corollary 3.4. Let (X, d) be a complete b-metric space. Let T : X — X be a mapping satisfying the following
conditions:

(@) T is continuous or if {xn} is a sequence in X such that &(xn,Xn41) = 1 and xn, = x € X, then «(xn,x) > 1
foralln € IN;

(b) T is triangular - admissible;

(c) T is an almost generalized (o« —\p — @ — 0)-weakly contractive mapping that is

“(XIU)¢(S3d(TX/TU)) < ﬂ)(Ml(X/H)) - (P(MZ(XIU)) + LG(N (X/U),

forall x,y € X, where

dly, Ty)l+d(x, T dly, Tx)[1+d(x, T
M1 (X,y) = MmaxXx { (y 1yl[ d—({;(, ‘!j))( X)] 7 (y 1X)+[ d—(l_x, 15))( y)] , d(le)}l
dly, Ty)l+d(x, T
Mo (x,y) = max { . ;Jl[d;; y())( X)]’d("'y)}f
and
d(y, Tx)[1 +d(x, Ty)]

N(x,y) = min {d(x, Tx), d(y, Ty), d(y, Tx),

1+ d(x,y) }

(d) there exist elements xg,x1 € X such that
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d(xq,Txg) = 0 and (xg,x1) = 1.

Then T has a fixed point. Further, the fixed point is unique if for all x,y € X such that d(x, Tx) = 0 = d(y, Ty),
we have x(x,y) > 1.

If we choose L = 0 in Theorem 3.2 and Theorem 3.3, we deduce the following corollary.

Corollary 3.5. Let (X, d) be a complete b-metric space. Let A, B be nonempty closed subsets of X such that Ay # (.
Let T: A — B be a mapping and « : X x X — R satisfying the following condition:

a(x1, %)W (s2d(ug, 1)) < W (Mi(x1,%2)) — @ (Ma(x1,%2)),

where
B d(x2, {1+ d(x1, 1)} dlxp, w {1+ d(xq, up)}
Mi(x1,%2) = max{ T+ dixexa) , T+ da ) ,d(XLXz)},
d(xp, up {1+ d(xq,u
Ma(x1,%2) = max{ (2 11—){d(x1 752)1 1)},d(X1,X2)},

for all x1,x2,u1,up € A and P, @ : [0,00) — [0, 00) are continuous functions satisfy \Pp(t) > @(t) > 0 for t > 0,
P(0) = @(0) =0, here \p is increasing. Assume also the following condition holds:

(@) T is continuous or if {xn} is a sequence in Ag such that x(xn,Xn41) = 1 and xn — x € A, then &(xn,x) > 1
foralln € IN;

(b) T is triangular «-proximal admissible;
(@) T(Ao) € By;
(d) there exist elements xg,x1 € Ag such that

d(xq, Txg) = d(A,B) and «(xg,x1) > 1.

Then T has a best proximity point. Further, the best proximity point is unique if for all x,y € A such that
d(x, Tx) = d(A,B) = d(y, Ty), we have «(x,y) > 1.

From Theorem 3.2 and Theorem 3.3, if the function « : X x X — R is such that «(x,y) = 1 for all
x,y € A, we deduce the following corollary.

Corollary 3.6. Let (X, d) be a complete b-metric space. Let A, B be nonempty closed subsets of X such that Ay # (.
Let T : A — B be a mapping satisfying the following condition:

P (s?d(ug,uz)) <P (Mi(x1,%2)) — @(Ma(x1,%2)) + LO(N(x1,%2)),

where
d(x2, up){1+d(xg,ur)} dlxz, w){1+d(xq,uz)}
Mi(x1,%2) = max { 14 d(xq,%2) ’ 14 d(xq,x2) ’ d(XLXZ)}'
Ma(x1,%2) = max { d(xzqtj_){;(;di;l'ul)}, d(x1,x2) },
N(Xl/XZ) = min {d(Xl, ul)/ d(XZ, UZ), d(XZI U-l), d(XZI T}i_){;(—i_ldi:)l,uzn}/

forall x1,x2,u1,up € A and P, @ : [0,00) — [0, 00) are continuous functions satisfy \Pp(t) > @(t) > 0 for t > 0,
P(0) = @(0) =0, here \p is increasing. Assume also the following condition holds:

(@) T is continuous or if {xn} is a sequence in Ag and xn — x € A for allm € IN;
(b) T(Ao) C By,
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(c) there exist elements xg,x1 € Ag such that
d(x1, Txo) = d(A, B).

Then T has a best proximity point. Further, the best proximity point is unique if for all x,y € A such that
d(xl TX) = d(A/B) = d(U/TQ)

From Corollary 3.6, if {(t) =t and L = 0, we deduce the following corollary.

Corollary 3.7. Let (X, d) be a complete b-metric space. Let A, B be nonempty closed subsets of X such that Ay # ().
Let T : A — B be a mapping satisfying the following condition:

s2d(ug, uz) < My(x1,%2) — @ (Ma(x1,%2)),

where
_ d(x, {1+ d(x1,w1)} d(xp, wy {1+ d(xq, u2)}
Ml(X],Xz) - maX{ 1+ d(X‘l,XZ) 7 1 + d(Xl,Xz) /d(X1/X2)}/
d(xp, 1+ d(xq,
Ma(x1,%x2) = maX{ (x2 Ti){d(xl )(::)1 ul)};d(XLXZ)}/

for all x1,%p,u1,up € A and @ : [0,00) — [0, 00) is continuous function satisfy @(t) < t fort > 0, ¢(0) = 0.
Assume also the following condition holds:

(a) T is continuous or if {xn } is a sequence in Ag and xn, — x € A foralln € IN;

(b) T(Ag) C By,
(c) there exist elements xg,x1 € Ag such that

d(x1, Txo) = d(A, B).
Then T has a best proximity point. Further, the best proximity point is unique if for all x,y € A such that
d(x, Tx) = d(A,B) = d(y, Ty).

Example 3.8. Let X = [0,00) be equipped with the b-metric defined by d(x,y) = [x —y| with s = 2. Let
A ={2,3,4}and B =1{6,7,8,9,10} and define the map T: A — B by

6, if x =4,
Tx = ;
x+4, otherwise.

Also define VP, ¢, 0 : [0,00) — [0,00) by P(t) =t, @(t)
Ao = {4}, BO = {6} and T(A) C B.

Let d(uy, Txq) = d(A,B) = 2 and d(uy,
Uu, =4 and (x1,%x2) = (4,2) we have M1(4,2)

5, 0(t) =tand «(x,y) = 1. Clearly, d(A,B) =2,

Txy) = d(A,B) = 2 then x1,%,u1,uy € A. For u; = 4 and
=2, M5(4,2) =2, and N(4,2) = 0 such that

P(s*d(w, 1)) =¥ (2°d(4,4)) = ¥(8-0) = H(0) =0

N

—2-1+40
=VP(2)—-((2)+L-0
=1(M1(4,2)) — ©(M2(4,2)) +L-0(N(4,2)).

Hence the inequality (3.1) holds true. Hence T is an almost generalized (o —{ — ¢ — 0)-proximal weakly
contractive mapping and T satisfies all the hypotheses of Theorem 3.2 and T has a unique best proximity
point.
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Example 3.9. Let X = [0,00) be equipped with the b-metric defined by d(x,y) = [x —y| with s = 2. Let
A =1{3,4,5,6,7} and B ={9,10,11,12,13} and define the map T: A — B by

9, ifx=7,
Tx = .
x+6, otherwise.

Also define VP, @, 0 : [0,00) — [0,00) by (t) =t, @(t) = ﬁ, 0(0) = 0if and only if t = 0 and «(x,y) = 1.
Clearly, d(A,B) =2, Ag = {7}, Bo = {9} and T(Ap) C Bo.

Let d(uy, Txq) = 2 and d(up, Txz) = 2 then (uy,x1), (u2,x2) € {(7,7)(7,3)}. Again, assume that
d(uq, Tx1) = d(A,B) = 2 and d(uy, Txp) = d(A,B) = 2. Then (x1,%x2) = (7,3) and u; = up = 7 and
we have M1(7,3) =4, M5(7,3) =4 and N(7,3) = 0 such that

P(s?d(ug,wp)) =¥ (2°d(7,7))
=P(8-0) =9(0) =0
<3
—4-1+40
=V(4) —o(4) +L-0(0)
=(M1(7,3)) — 9(M2(7,3)) + L-0(N(7,3)).

Hence the inequality (3.1) hold true. Hence T is an almost generalized («x —1{ — ¢ — 8)-proximal weakly
contractive mapping and T satisfies all the hypotheses of Theorem 3.2 and T has a unique best proximity
point.
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